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Preliminaries

Goals of this course:

• Obtain an overview of the elementary building blocks of matter and their
properties

• Get an overview of the fundamental interactions

• Introduce fundamental theoretical concepts:
Symmetries, conservation laws . . .

• Acquire the ability to compute simple processes.

There will be take-home exercises from time-to-time.

Try to work them out!!

Units:

I will use “natural” units throughout (h̄ = c = 1)

⇒ length: 1/MeV = 197.3 fm (h̄c = 197.3 MeV fm)
energy: 1/fm = 197.3 MeV

Only one unit remains, MeV or fm.

[energy] = [mass] = [momentum] = MeV

[length] = [time] = 1/MeV

[velocity] = [length/time] = 1 (c=1)

Alternatively:

[length] =fm

[momentum] = 1/fm

At the end of the calculation, introduce the appropriate powers of h̄c to obtain
physical units. The procedure is unique!
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Example:

e+ + e− → µ+ + µ−

σe+e−→µ+µ− = 4π
3
α2

s

α = e2

4π
' 1

137
fine structure constant

Cross section is an area [σ] =fm2

s = (pe+ + pe−)2
√
s = Ecm [s] =GeV2

⇒ σ = 4π
3
α2 (h̄c)2

s

1 fm2 = 10−26 cm2 = 10 mb

σe+e−→µ+µ− ' 8.69× 10−6 fm2 1
s(GeV2)

' 87nb 1
s(GeV2)
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1 Introduction

No historical introduction: consult Halzen-Martin, Perkins.

The goals of elementary particle physics:

• Identify the elementary (structureless) building blocks of matter.

• Describe (understand) their properties (mass, change, spin,..).

• Understand the forces between them.

• Understand how elementary objects combine to make up composite (larger)
objects.

• . . .

A succesful theory of elementary particles should address these problems and
ideally also provide answers. The presently accepted theory is the Standard
Model of Particle Physics.

The Standard Model (SM) does not provide answers to all problems, but it
describes an impressive amount of data. The Higgs meson is an important
ingredient in the standard model, which however has not (so far) been found
in experiment. Extensions of the SM are generically called Beyond SM (BSM).
Known extension of SM: neutrino mass 6= 0 The mechanism for generation of
the neutrino masses is still unclear (see Physics World May 2002, p. 35).

Several other extensions have been proposed:

• Super symmetry

• String theory (extra dimensions)

• . . .

So far none have been proven. It is hoped that LHC will bring some answers.
However, one of the main tasks of the LHC experiments still is the search for
the SM Higgs (responsible for the masses of quarks, leptons, W±, Z0 etc.)
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Scales

Lengths: elementary particle physics is concerned with what is going on at
the smallest length scales that can be probed in experiment (and beyond).
The size of a quark or an electron < 10−18m. Thus, the elementary building
blocks are structureless down to this length scale.

At the same time, particle physics has consequences for the physics at the
largest length scales, namely that of the Universe. The observable universe
1026m.

Particle physics enters in the early universe, for about 100 s after the Big
Bang. Three minutes after the big bang nuclei are formed. From there on
nuclear physics plays a major role. Thus, particle physics covers ∼ 44 orders
of magnitude in length!

Temperature / energy ↔ time: The evolution of the Universe also shows
an enormous range in energy

[kBT ] =energy ⇒ 1 MeV ' 1010K

at t ' 10−9s E ' 1 TeV ↔ T = 1016 K

at t ' 1010 years E < 1 meV ↔ T ' 3 K
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1.1 The standard model

Matter is made out of elementary fermions interacting through the exchange
of (vector) bosons

We know 4 types of interactions in Nature:

Interaction exchange boson Spin [h̄]

Gravitation graviton(postulated) 2

Weak interaction W±, Z0 1

Electromagnetic γ (photon) 1

Strong interaction g (gluon) 1

Spin-1 particles behave like a vector under Lorentz transformations. Hence,
they are called vector mesons.

For most particle physics problems, gravitation can be neglected. Compare
gravitation to the electromagnetic (Coulomb) interaction

V G
12(r) = −Gm1m2

r

G = Newton’s gravitational constant.

V C
12(r) =

e2

4π

Q1Q2

r

Looks very similar! However, there is one crucial difference:

e2

4π
' 1

137
is dimensionless

G = 6.67x10−11Nm
2

g2
' (1.2× 1019GeV)−2

Typical mass of particles, e.g. nucleon, ∼ 1 GeV, typical charge ∼ 1
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Thus, gravitation is negligible compared to other interactions for elementary
particles. however, it becomes important at energies on the order of the Planck
mass

Mp = 1.2× 1019GeV,

at lengths on the order of the Planck length

1

Mp

= 2× 10−35m

and at times on the order of the Planck time

1

Mpc
− = 5× 10−44s

Thus, when discussing e.g. the early universe at times t < 5×10−44 s after the
big bang, we need a quantum theory of gravity. Such a theory does not ex-
ist yet. Candidates: Superstrings, non-commutative geometry, loop quantum
gravity...

Gravitation may kick in earlier than expected: with extra dimensions the
effective Planck scale is reduced, the Schwarzschild radius increased. Thus, it
has been speculated that mini black holes may be produced in proton-proton
collisions at the LHC (CERN Courier Nov. 2004). However, for the purpose
of these lectures, we assume that gravitation can be neglected.
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The weak interaction

The weak interaction is mediated by the exchange of W± and Z0 bosons

MW ' 80GeV/c2

MZ ' 90GeV/c2

Large mass implies short range. This follows from Heisenberg’s uncertainty
relation ∆t∆E ' h̄: range ∼ 1/M
Example: neutron β-decay

n→ p+ e− + ν̄e

Figure 1: A prototype weak interaction process, the neutron β decay.

The short range of the weak interaction is the reason for the success of Fermi’s
theory of the weak interaction, where the β decay was assumed to be a point
interaction between the neutron, proton, electron and neutrino, as depicted in
the right graph.
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The electromagnetic interaction

The electromagnetic interaction is mediated by the exchange of photons. The
photon mass mγ = 0, due to gauge invariance. This has important conse-
quences for the range of the interaction.
Example: Coulomb interaction between an electron and a proton

V C
ep = − e

2

4π

1

r

The Coulomb interaction of infinite range1 .

Figure 2: One-photon exchange between an electron and a proton.

1A potential which is inversely proportional to the distance between the “charges”, like
the gravitational and Coulomb interactions, are of infinite range. A finite range interaction
is of the Yukawa type, with a potential of the form V (r) ∼ e−mr/r, where m is the mass of
the exchanged particle.
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The strong interaction

The strong interaction is mediated by the exchange of gluons. Since the gluon
mass must vanish (mg = 0) in order to satisfy gauge invariance, one would
naively expect that the strong interaction, like the Coulomb interaction, is of
infinite range. However, the strong interaction differs from the electromagnetic
one. The charges of the strong interaction are confined. The typical size of
the confinement volume is the size of a hadron (strongly interacting composite
particle like the nucleon), i.e. ' 1 fm. The confinement volume limits the
range of the strong interaction.

The difference between the electromagnetic and the strong interaction is that
the gluons, in contrast to photons, carry charge2. On the one hand, this leads
to confinement through non-linear interaction effects. On the other hand, con-
finement limits the range of the strong interaction, since the exchange particles,
the gluons, carry color charge and therefore cannot leave the confinement area.

Example: quark-quark interaction

Figure 3: One-gluon exchange between two quarks.

This graph is the lowest order contribution in a perturbative treatment. It

2The charge of the strong interaction is called color

13



yields a potential of the same form as the Coulomb potential, V (r) ∼ 1/r.
However, this form is valid only at small distances (large momentum transfers),
where the coupling constant is small. This is asymptotic freedom (Nobel Prize
2004, Gross, Politzer and Wilczek)! At large distances, polarization of the
vacuum leads to non-linear effects, which in turn leads to confinement.

The potential between two heavy quarks is of the same form as the Coulomb
interaction at small distances, and grows linearly at large distances (see figure
4).

Figure 4: The potential between two heavy quarks and a 1/r potential.
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The constituents of matter

The constituents of matter fall into two groups leptons and guarks. All have
spin s = 1

2
h̄. Hence they are described by the Dirac equation.

• Leptons: interact weakly and electromagnetically (if Q 6= 0)

• Quarks: interact weakly, electromagnetically and strongly

Lepton flavor Mass [MeV/c2] Q[e]
e− 0.511 −1
νe < 2x10−6(2eV) 0

µ− 105.658 −1
νµ < 0.19 0

τ− 1777 −1
ντ < 18.2 0

Quark flavour Mass Q [e]
u 1.5− 3.3 MeV/c2 2/3
d 3.5− 6 MeV/c2 −1/3

c 1.27 GeV/c2 2/3
s 70− 130 MeV/c2 −1/3

t 171.3 GeV/c2 2/3
b 4.2 GeV/c2 −1/3

As far as we know, there are three families of leptons and quarks. The (known)
matter in the universe is made out of u, d, e−! What is the role of remaining
particles? Early universe.....
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Additive quantum numbers

In the SM, there are several conserved or partly (approximately) conserved
”changes”. The elementary particles have the corresponding additive quantum
numbers. In the table I give a few illustrative examples.

Particle e.m. change baryon number lepton number S C B T
e− −1 0 1 0 0 0 0
νe 0 0 1 0 0 0 0

u 2/3 1/3 0 0 0 0 0
s −l/3 1/3 0 -1 0 0 0
t 2/3 1/3 0 0 0 0 1

Interactions conserve e, µ, τ lepton number separately. The lepton part of the
interactions are of the type

e− ↔ νe, µ− ↔ νµ etc.

while reactions of the type

e− ↔ νµ etc.

are not allowed. However, lepton number for e, µ, τ is not conserved by
neutrino oscillations! Only the total lepton number N` = Ne + Nν + Nτ is
conserved when neutrino oscillations are accounted for. We return to neutrino
oscillations at the end of these lectures.

Antiparticles
For every quark and lepton, there is an antiparticle, with opposite additive
quantum numbers. A few examples are given in the table below.

Particle e.m. change baryon number lepton number S C B T
e+ +1 0 −1 0 0 0 0
ū −2/3 1/3 0 0 0 0 0
s̄ 1/3 −l/3 0 1 0 0 0
ν̄e 0 0 −1 0 0 0 0
t̄ −2/3 1/3 0 0 0 0 -1
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Charge conjugation symmetry

Invariance under charge conjugation symmetry implies that the mass of a
particle and its antiparticle are identical.

mū = mu

md̄ = md

me+ = me−

etc. This is consistent with experiment, but small deviations are possible.

Conservation laws
The conservation laws are by and large respected by the interactions of the
standard model. However, the weak interaction violates conservation of quark
flavor. In the table an overview of how the interactions fare with the conser-
vation laws is given.

Interaction e.m. change baryon number lepton number S C B T
Strong + + + + + + +

Electro-magnetic + + + + + + +
Weak + + + - - - -

Examples of reactions where the conservation laws play an important role:

• Charge conservation
conservation of net electric change
γγ → e+e−

• Net baryon number conservation
pp̄→ 5π
n→ p+ e− + ν̄e

• Lepton number conservation
e+ + e− → π+π−

µ− → e− + ν̄e + νµ

• Flavour mixing by weak interaction
d→ u+ e− + ν̄e (β-decay)
s→ u+ e− + ν̄e
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2 Relativistic Quantum Mechanics

When we are dealing with microscopic problems at relativistic energies, we
have to cope with relativistic kinematics and with particle production in a
quantum mechanical description. These problems cannot be dealt with consis-
tently in non-relativistic quantum mechanics (i.e. by solving the Schrödinger
equation). The consistent framework for dealing with such problems is a rel-
ativistic quantum field theory (QFT). The formalism of QFT leads to a per-
turbation theory, which can be phrased in terms of Feynman diagrams. The
full formalism of QFT is outside the scope of these lectures, so we will take
a less formal approach. We will motivate the Feynman rules and Feynman
diagrams starting from relativistic wave equations. This approach lacks math-
ematical rigor, but is more intuitive. We start by reviewing the most important
principles of non-relativistic quantum mechanics.

2.1 Schrödinger equation

The wave equations cannot be derived from the laws of classical mechanics.
One can at most provide plausibility arguments for the form of the equations.

Consider the simplest possible physical system, namely that of an isolated free
particle. The non-relativistic hamiltonian is

H =
p2

2m
. (1)

In quantum mechanics every physical observable is represented by a linear,
hermitian operator, which act on the wavefunction Ψ. Thus. e.g. in coordinate
representation

H → ih̄
∂

∂t
(2)

~p→ h̄

i
~∇ (3)

which leads to the non-relativistic Schrödinger equation

ih̄
∂Ψ(~r, t)

∂t
=
−h̄2~∇2

2m
Ψ(~r, t) . (4)

It is assumed that the energy and momentum operators remain also in the
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presence of interactions. From the non-relativistic form of the total hamilto-
nian

H =
p2

2m
+ V (~r, t) (5)

one then arrives at the general from of the Schrödinger equation

ih̄
∂Ψ(~r, t)

∂t
=

−h̄2~∇2

2m
+ V (~r, t)

Ψ(~r, t) . (6)

In most cases the potential is independent of time, in which case the energy is
conserved. For a stationary problem, one can then separate the time and space
coordinates, and one arrives at the time independent Schrödinger equation

Ψ(~r, t) = ψ(~r) exp(−iEt
h̄

)⇒ Hψ(~r) = Eψ(~r) (7)

The wave function is a complex probability amplitude. Only changes of the
phase and relative phases are observable, not the absolute value of the phase.
The probability density is given by

ρ(~r) = |ψ(~r)|2. (8)

while the probability to find the particle in the volume element d3r is

|ψ(~r)|2d3r . (9)

We also need the probability current density, ~j. The conservation of probability
implies

∂ρ

∂t
+ ~∇ ·~j , (10)

the equation of continuity.

The derivation of the current corresponding to the Schrödinger equation

~j(~r, t) =
h̄

2im

(
Ψ?~∇Ψ− (~∇Ψ)Ψ

)
(11)

is left as an exercise.
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2.2 Klein-Gordon equation

For a free particle the relativistic energy-momentum relation is3

E2 = ~p
2
c2 +m2c4 (12)

or

E =
√
~p

2
c2 +m2c4 (13)

In analogy to the Schrödinger equation, one may try to start from the latter
equation, which would yield

ih̄
∂φ

∂t
=
(√
−h̄2c2~∇2 +m2c4

)
φ . (14)

However, this form is problematic, since it involves gradients of the wave func-
tion of arbitrary order, as seen by expanding the square root. This implies
that the equation is non-local. Furthermore, the time- and space-coordinates
are not treated on the same footing. Therefore, one tried the first relation,
which is quadratic in E and leads to

−h̄2∂
2φ

∂t2
= (−h̄2c2~∇2 +m2c4)φ . (15)

This is the Klein-Gordon equation. Note that by requiring relativistic invari-
ance and by refuting the square root form, we arrived at a differential equation
which is second order in ∂/∂t. Using the notation

∂µ =
∂

∂xµ
∂µ =

∂

∂xµ
, (16)

where xµ = (t, x1, x2, x3) and xµ = (t, x1, x2, x3) = (t,−x1,−x2,−x3), one can
rewrite the Klein-Gordon equation in explicitly covariant form4

(∂µ∂
µ +m2)φ = 0 (17)

The solutions of the free Klein-Gordon equation are of the form

φ =
1√
V
e(i(~p·~r−ωt)) . (18)

3We employ the notation ~p
2

=
∑3
i=1 p

i for the three momentum squared and p2 =

E2 − ~p 2
for the four momentum squared.

4From now on we (most of the time) use natural units, where h̄ = c = 1.

20



Inserting this solution into the Klein-Gordon equation, one finds ω2 = p2 +m2,
which implies that there are solutions with positive as well as with negative
energy, E = ω = ±

√
p2 +m2.

Clearly the Klein-Gordon equation is covariant (invariant under Lorentz trans-
formations). However, by using the squared form of the energy-momentum
relation, we have also introduced the solutions with negative energy. Con-
sequently, the spectrum of the Klein-Gordon equation is not bounded from
below, which leads to problems with stability. Later, we will see that the
negative energy solutions can be reinterpreted in terms of antiparticles.

For the Klein-Gordon equation one can also define a probability density and
a probability current:

ρ =
i

2m

[
φ?
∂φ

∂t
−
(
∂φ?

∂t

)
φ

]
(19)

~j =
1

2 im

[
φ?~∇φ−

(
~∇φ?

)
φ
]
. (20)

The equation of continuity may be brought into covariant form by defining the
current four vector jµ = (ρ,~j) = (i/2m) [φ?∂µφ− (∂µφ?)φ]:

∂µj
µ =

∂ρ

∂t
+ ~∇ ·~j = 0 . (21)

Clearly the probability density is not positive definite. As an example, consider
a non-interacting particle. The corresponding probability density equals

ρ =
E

mV
, (22)

which is positive for positive energy solutions and negative for negative energy
solutions. Thus, a negative probability density is possible, which would give
problems with the interpretation of the wave function.
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2.3 Dirac equation

The second order time derivative in the Klein-Gordon equation leads to the
negative energy solutions. In order to avoid this problem, Dirac tried to find
an equation, which is first order in the time derivative, like the Schrödinger
equation, but at the same time relativistically invariant.

It turns out that although the probability density is positive for the Dirac
equation, it also has negative energy solutions. These were interpreted by
Dirac. Based on this he predicted the existence of antiparticles. This was
certainly one of the most important contributions to modern physics. The
Dirac equation describes spin-1

2
particles. It thus is the wave equation for

electrons, muons, neutrinos, quarks, and also for the composite nucleons.

A relativistically covariant equation, which is first order in the time derivative,
must also be first order in the spatial derivative. Dirac made the following
Ansatz

i
∂Ψ

∂t
= HΨ =

1

i

3∑
i=1

αi
∂Ψ

∂xi
+ βmΨ =

(
1

i
~α · ~∇+ βm

)
Ψ , (23)

where αi and β are constants, that are to be determined. By acting with ∂/∂t
on the equation, we obtain

i
∂2Ψ

∂t2
= −i

3∑
i=1

αi
∂

∂t

∂Ψ

∂xi
+ βm

∂Ψ

∂t
, (24)

which by using the Dirac equation yields

∂2Ψ

∂t2
=

3∑
i=1

(αi)2 ∂2Ψ

∂(xi)2
− β2m2Ψ (25)

+
∑
j 6=k

1

2
(αjαk + αkαj)

∂2Ψ

∂xj∂xk
− im

3∑
j=1

(αjβ + βαj)
∂Ψ

∂xj
. (26)

This equation reduces to the Klein-Gordon equation

∂2Ψ

∂t2
= (~∇2 −m2)Ψ , (27)

which yields the desired relativistic energy-momentum relation if

(αi)2 = 1 αiαj + αjαi = 0 (i 6= j) (28)

β2 = 1 αiβ + βαi = 0 (29)
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or in other words if the coefficients satisfy the anticommutation relations{
αi, αj

}
= αiαj + αjαi = 2δij

{
αi, β

}
= 0 (30)

and β2 = 1. These conditions cannot be fulfilled by real or complex numbers.
Thus, one has to consider matrices. The matrices must i) be hermitian, since
the hamiltonian is hermitian, ii) have eigenvalues ±1 since (αi)2 = β2 = 1 and
iii) be traceless, since e.g. Tr(αi) = Tr(ββαi) = Tr(βαiβ) = −Tr(αi).

The properties ii) and iii) imply that the dimension N of the matrices must
be even, i.e. N = 2,4,6. . . . N = 2 is not enough, since there are only three
independent, traceless hermitian matrices of dimension 2. These can be chosen
as the Pauli spin matrices

σx =

(
0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)
. (31)

Thus, the smallest possible dimension is N = 4.

One choice is

αi =

(
0 σi

σi 0

)
β =

(
1 0
0 −1

)
(32)

where 1 the 2× 2 unit matrix. Thus, e.g.

β =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 (33)

This implies that the wavefunction is a 4 component vector:

Ψ =


ψ1

ψ2

ψ3

ψ4

 Ψ† =
(
ψ?1 ψ?2 ψ?3 ψ?4

)
(34)

The corresponding probability density and current are

ρ = Ψ†Ψ ~j = Ψ†~αΨ . (35)

The density is positive definite, since it is a sum of squares:

ρ = |ψ1|2 + |ψ2|2 + |ψ3|2 + |ψ4|2 . (36)
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2.4 Non-relativistic correspondence

Before constructing the general solutions of the free Dirac equation, we explore
the non-relativistic limit, to see that the equation makes sense physically. Con-
sider an electron at rest, i.e. ~∇Ψ = 0. The Dirac equation then reduces to

i
∂Ψ

∂t
= mβΨ⇒ i

∂

∂t


ψ1

ψ2

ψ3

ψ4

 = m


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1



ψ1

ψ2

ψ3

ψ4

 . (37)

For each component one thus finds

i
∂ψ1

∂t
= mψ1 , i

∂ψ2

∂t
= mψ2 , (38)

i
∂ψ3

∂t
= −mψ3 , i

∂ψ4

∂t
= −mψ4 . (39)

The solutions are

Ψ1 = Ce−imt


1
0
0
0

 , Ψ2 = Ce−imt


0
1
0
0

 , (40)

Ψ3 = Ceimt


0
0
1
0

 , Ψ4 = Ceimt


0
0
0
1

 , (41)

and the corresponding energy eigenvalues are E1,2 = m and E3,4 = −m. Con-
sequently, the Dirac equation also has negative energy solutions. The solutions
Ψ1 and Ψ2 can be interpreted as wave functions of particles, while Ψ3 and Ψ4

cannot. The interpretation of the negative energy solutions is postponed for a
while.

We now consider a slow electron, which can be treated non-relativistically.
Thus, we can expand the energy

E =
√
~p

2
+m2 ' m+

~p
2

2m
. (42)

By inserting the following Ansatz

Ψ(~r, t) =

[
φ̃
χ̃

]
, (43)
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where φ̃ and χ̃ are two-spinors, into the Dirac equation, one finds

i
∂

∂t

[
φ̃
χ̃

]
=

1

i
~σ · ~∇

[
χ̃

φ̃

]
+m

[
φ̃
−χ̃

]
. (44)

In the non-relativistic limit, the rest energy dominates and we take care of the
fast variation with time by defining new fields φ and χ[

φ̃
χ̃

]
= e−imt

[
φ
χ

]
, (45)

where now φ and χ are relatively slowly varying functions of time. They are
solutions of the coupled equations

i
∂

∂t

[
φ
χ

]
=

1

i
~σ · ~∇

[
χ
φ

]
+ 2m

[
0
−χ

]
. (46)

The coupled equations are in explicit form

i
∂φ

∂t
=

1

i
~σ · ~∇χ , (47)

i
∂χ

∂t
=

1

i
~σ · ~∇φ− 2mχ . (48)

In the latter equation one can neglect the time derivative compared to the
mass term, since the time dependence of the two-spinors is slow. Thus,

χ =
1

2 im
~σ · ~∇φ , (49)

which we can insert into the first equation:

i
∂φ

∂t
= − 1

2m
(~σ · ~∇)(~σ · ~∇)φ . (50)

Note that the lower components are small (∼ (p/m)φ) compared to ther upper
components. Thus, the upper components dominate for particle states. Now,
using the identity

σiσj = δij + i εijkσk , (51)

where εijk is the completely antisymmetric tensor5 of rank 3, one recovers the
Schrödinger equation for the upper components

i
∂φ

∂t
= −

~∇ 2φ

2m
(52)

5εijk = 1 for even permutations of 123, −1 for odd permutations and 0 otherwise
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Thus, in the non-relativistic limit, the upper components can be identified
with the Schrödinger wave function.

We note that one can perform the same analysis for an electron in an elec-
tromagnetic potential (scalar potential Φ and vector potential ~A). The corre-

sponding Dirac equation is obtained by minimal substitution (~∇ → ~∇− ie ~A).
One finds (e = −|e|)

i
∂Ψ

∂t
=
(
~α ·

(
1

i
~∇− e ~A

)
+ βm+ eΦ

)
Ψ . (53)

After some algebra, which we leave as an exercise (see e.g. Bjorken & Drell,
vol. 1), one finds for a slow electron

i
∂φ

∂t
=

(−i~∇− e ~A)2

2m
− e

2m
~σ · ~B + eΦ

φ , (54)

where ~B = ~∇× ~A is the magnetic field. This is the so called Pauli equation,
which describes a non-relativistic particle, with spin 1/2. We compare the ~σ · ~B
term with the energy of a particle with a magnetic moment µ in a magnetic

Emagn = −~µ · ~B . (55)

For a particle with spin ~S and mass m

~µ =
e

2m
g~S =

e

2m

g

2
~σ (56)

where g is the gyromagnetic ratio. We thus find that the Dirac equation
describes a spin-1/2 particle with gyromagnetic ratio g = 2. Experimentally
(g − 2)/2 is ' 10−3. Hence, the Dirac equation reproduces the correct value
of the electron (and muon) magnetic moment to a very good approximation.
The difference is understood in QED, the quantum field theory of the electro-
magnetic interactions of spin-1/2 particles.

26



2.5 Dirac equation in covariant form

The Dirac equation can be written in a form, which is explicitly Lorentz co-
variant. Since any 4-vector product AµB

µ is invariant under Lorentz transfor-
mations, we want to bring the Dirac equation

i
∂Ψ

∂t
=
(

1

i
~α · ~∇+ βm

)
Ψ , (57)

into such a form, which explicitly shows the symmetry between time and space.
To this end we define the γ matrices

γ0 = β γi = βαi (58)

Multiplying the Dirac equation by β, we then find[
i

(
γ0 ∂

∂t
+

3∑
i=1

γi
∂

∂xi

)
−m

]
Ψ =

[
iγµ

∂

∂xµ
−m

]
Ψ = 0 (59)

or in compact form
(iγµ∂µ −m) Ψ = 0. (60)

An even more compact form can be obtained by introducing the Feynman
slash notation a/ = γµaµ (

i∂/−m
)

Ψ = 0 . (61)

The new matrices satisfy the anticommutation relation

{γµ, γν} = 2gµν , (62)

where

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (63)

The fact that the Dirac equation is Lorentz covariant means that in any inertial
(not accelerated) reference frame, the Dirac equation has the same form. Thus,[

iγµ
∂

∂xµ
−m

]
Ψ(x) = 0 (64)
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in the Lorentz frame {xµ} and[
iγµ

∂

∂(x′)µ
−m

]
Ψ′(x′) = 0 (65)

in the frame {(x′)µ}, which is connected with the original frame by a Lorentz
transformation. Note that the spinor is affected by the Lorentz transformation.
In a relativistic theory, there is a coupling between spin and momentum, which
is reflected here.

The relation between Ψ and Ψ′ must be local, so that an observer in the primed
frame may construct Ψ′ given Ψ

Ψ′(x′) = S(Λ) Ψ(x), (66)

where S(λ) is a non-singular 4 × 4 matrix and the Lorentz transformation is
given by

(x′)µ = Λµ
ν x

ν . (67)

Inserting (66) in (65) and changing variables to {xµ}, we find[
i γµ

∂xν

∂(x′)µ
∂

∂xν
−m

]
S(Λ)Ψ(x) = 0. (68)

Now, multiplying the equation with S−1 from the left, and using (67),i S−1(Λ) γµ
(
Λ−1

)ν
µ
S(Λ)︸ ︷︷ ︸

γν

∂

∂xν
−m

Ψ(x) = 0. (69)

The resulting equation is of the same form as the original Dirac equation if
the underbraced expression equals γν , i.e. if

S(Λ) γνS−1(Λ) =
(
Λ−1

)ν
µ
γµ. (70)

Thus, for a given Lorentz transformation Λ, the requirement that the Dirac
equation be Lorentz covariant determines S(Λ) through (70). The fact that
in general S 6= 1, means that the components of the spinor Ψ are mixed by a
Lorentz transformation.

For a proper Lorentz transformation, the solution to (70) is

S = e−
i
4
σuνωµν , (71)
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where

σµν =
i

2
[γµ, γν ] =

i

2
(γµγν − γνγµ) . (72)

The Lorentz transformation is written in the form

Λµ
ν =

(
eωIn

)µ
ν
' gµν + (ωIn)µν ≡ gµν + ωµν , (73)

where the approximate equality holds for small ω and In is a 4 × 4 matrix,
which determines the direction of the Lorentz boost. The identity defines the
tensor ωµν in (71). For a boost along the x−axis

Ix =


0 −1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 . (74)

The matrix Ix has the property

I2
x =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 . (75)

Consequently, one finds for a Lorentz boost along the x−axis

Λµ
ν =

(
eωIx

)µ
ν

=


coshω − sinhω 0 0
− sinhω coshω 0 0

0 0 1 0
0 0 0 1

 (76)

For more details on the covariance of the Dirac equation, the reader is referred
to textbooks, like Bjorken & Drell vol.1 and Schmüser.

In order to obtain the Dirac equation for the conjugate field, we need the
properties of the γ matrices under conjugation

(γ0)† = γ0 (γi)† = −γi ⇒ γ0(γi)†γ0 = γi . (77)

The conjugate wave equation is

Ψ†

−i(γµ)†
←
∂

∂xµ
−m

 = 0 . (78)
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Multiplying this equation from the left with γ0, using the properties of the γ
matrices and defining Ψ̄ ≡ Ψ†γ0, one finds

Ψ̄(i
←
∂/ +m) = 0 . (79)

One can also write the current explicitly in 4-vector form

jµ = Ψ̄γµΨ = (Ψ†Ψ,Ψ†~αΨ) (80)

∂µj
µ = 0 . (81)

The proof that the current is conserved is left as an exercise.

The current jµ transforms like a 4-vector (e.g. xµ, pµ). This is just one exam-
ple for so called bilinear forms, which are important because they enter the
coupling of fermions to mesons of different quantum numbers. A list of the
most important forms are

form name JP Lorentz transf. (~x→ −~x)

S = Ψ̄Ψ scalar 0+ invariant (+)
P = Ψ̄γ5Ψ pseudoscalar 0− invariant (−)
V µ = Ψ̄γµΨ vector 1− 4-vector (−)
Aµ = Ψ̄γµγ5Ψ axial vector 1+ 4-vector (+)
T µν = Ψ̄σµνΨ tensor 2+ xµpν (+)

(82)

Here we have introduced two new combinations of γ matrices

γ5 = γ5 = iγ0γ1γ2γ3 (83)

σµν =
i

2
[γµ, γν ] (84)

where

γ5 =

(
0 1
1 0

)
(85)

σij =
3∑

k=1

εijk
(
σk 0
0 σk

)
i, j ∈ {1, 2, 3} (86)

σ0i = iαi = i

(
0 σi

σi 0

)
. (87)
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2.6 Solutions of the free Dirac equation

Consider a free particle described by the Dirac equation[
iγµ

∂

∂xµ
−m

]
Ψ(x) = 0 . (88)

Since the momentum is a constant of motion for a free particle, the solution
must be a plane wave

Ψp(x) =

(
φ(p)
χ(p)

)
e−ipx , (89)

where px is a short form for the four-vector product pµxµ = p0x0 − ~p · ~x =
Et − ~p · ~x. The notation is chosen so that E =

√
p2 +m2 throughout. By

evaluating the derivatives, one finds

(p/−m)

(
φ(p)
χ(p)

)
= 0 , (90)

which is a matrix equation for the four components. One finds 2 positive
energy solutions of the form

Ψi(x) = ui(p)e
−ipx , (91)

where

u1(p) =

√
E +m

2m

(
ϕ↑

~σ·~p
E+m

ϕ↑

)
(92)

and

u2(p) =

√
E +m

2m

(
ϕ↓

~σ·~p
E+m

ϕ↓

)
(93)

are so called four-spinors or Dirac spinors. Furthermore

ϕ↑ =

(
1
0

)
ϕ↓ =

(
0
1

)
(94)

are two-spinors6.

There are also 2 negative energy solutions of the form

Ψi(x) = v5−i(p)e
ipx i ∈ 3, 4 , (95)

6When there is no risk for confusion one often refers to the Dirac spinors as spinors for
simplicity.
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where the four-vector p is the same as above and

v1(p) =

√
E +m

2m

(
~σ·~p
E+m

ϕ↓
ϕ↓

)
(96)

and

v2(p) =

√
E +m

2m

(
~σ·~p
E+m

ϕ↑
ϕ↑

)
(97)

are the corresponding spinors. Note that in the negative energy solutions, the
lower components are large. In the next section we will provide an interpreta-
tion for these solutions.

For a particle at rest these solutions agree with the ones obtained in section
2.4. The spinors are normalized such that

u†i (p)uj(p) =
E

m
δij v†i (p)vj(p) =

E

m
δij (98)

u†i (p)vj(p̃) = v†i (p)uj(p̃) = 0 , (99)

where p̃ = (E,−~p). The factor E/m is due to the Lorentz contraction of the
volume element along the direction of motion. Furthermore, for ū = u†γ0 etc.,

ūi(p)uj(p) = δij v̄i(p)vj(p) = −δij (100)

ūi(p)vj(p) = v̄i(p)uj(p) = 0 . (101)

Thus, ūu is a Lorentz invariant quantity, in agreement with eq. 82. The
verification of these solutions is left as an exercise.

The Klein paradox

The problems caused by the negative energy solutions are nicely illustrated by
the so-called Klein paradox. Consider an electron confined by a potential to
the region z < 0. Confinement of the electron works just like in Schrödinger
theory for

d >
1

me

=
h̄

mec
, (102)

i.e., when the width of the step is larger than the Compton wavelength. Now
consider the case d < 1/me and V0 arbitrary. For the idealized case d = 0,
the problem can be solved analytically. The corresponding potential is a step
function, as shown in Fig. 6.
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Figure 5: Smooth potential step of width d.

We assume an incoming wave of a spin-up electron in region I moving to the
right

Ψinc = a eik1z


1
0
k1

E+m

0

 . (103)

while the reflected wave (moving to the left) is given by

Ψref = b e−ik1z


1
0
−k1
E+m

0

+ b′ e−ik1z


0
1
0
k1

E+m

 . (104)

The first term corresponds to no spin flip, while the second one is the ampli-
tude for finding a reflected electron with spin down. In region II there is a

Figure 6: The potential step considered in the Klein Paradox. For a range of
values of V0, the electron is confined to negative z.

33



transmitted wave with a spin-flip and a non-spin-flip amplitude

Ψtran = d eik2z


1
0
k2

E−V0+m

0

+ d′ eik2z


0
1
0
−k2

E−V0+m

 . (105)

The momentum in region I is given by

k1 =
√
E2 −m2, (106)

while in region II, the energy of the electron is given by

E =
√
k2

2 +m2 + V0. (107)

Solving for k2 we find

k2 =
√

(E − V0)2 −m2. (108)

Thus, the propagation of an electron of energy E in region II is equivalent
to the propagation of en electron with energy E − V0 in free space. Hence,
the spinor in region II is obtained from that in region I by the replacement
E → E − V0.

At the boundary at z = 0 the wave function must be continuous. This holds
for the upper and lower components 7. Thus, we have

Ψinc(z = 0) + Ψref (z = 0) = Ψtran(z = 0). (109)

or inserting the solutions (103-105)

a


1
0
k1

E+m

0

+ b


1
0
−k1
E+m

0

+ b′


0
1
0
k1

E+m

 = d


1
0
k2

E−V0+m

0

+ d′


0
1
0
−k2

E−V0+m

 .
(110)

7For the Schrödinger equation the boundary condition is that the wave function and its
derivative should be continuous. This is because the Schrödinger equation is second order in
the spatial derivative. Since the Dirac equation is first order in the spatial derivative, there
is only one boundary condition, namely that the wave function must be continuous. Still,
there are two independent conditions, since the continuity should be imposed for both the
large and small components.
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Each component of (110) yields an independent equation

a+ b = d, b′ = d′,
a− b = rd, b′ = −rd′, (111)

where

r =
k2

k1

E +m

E − V0 +m
(112)

The solution to the algebraic equations (111) is b′ = d′ = 0 (no spin flip) and

a = 1+r
2
d, b = 1−r

2
d. (113)

The incoming, reflected and transmitted currents are given by

jinc = Ψ†incαzΨinc = | a |2 k1
E+m

,

jref = Ψ†refαzΨref = − | b |2 k1
E+m

,

jtran = Ψ†tranαzΨtran = | d |2 k2
E−V0+m

.

(114)

Thus, the ratio of the reflected to the incoming current is

jref
jinc

=
| 1− r |2

| 1 + r |2
= 1− jtran

jinc
, (115)

where the last equality is a consequence of current conservation

jinc = jtran + jref (116)

Figure 7: The dependence of the reflected current on the height of the potential
step.
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Figure 8: The dependence of the transmitted current of the height of the
potential step.

For V0 = 0, r = 1 and jtran = jinc. Moreover, for 0 < V0 < E−m the behavior
is as expected from our experience with the Schrödinger equation, r decreases
from 1 for a vanishing potential to 0 for V0 = E−m. For E−m < V0 < E+m
k2 is imaginary and there is total reflection at the potential barrier, since the
electron cannot penetrate into region II. However, for V0 > E+m there is again
a non-zero transmitted current. The behavior of the reflected and transmitted
currents are schematically shown Figs. 7 and 8.

What is going on? The positive energy solution in I continues as a ”nega-
tive energy” solution in II, as shown in Fig. 9. It is clear that we need an
interpretation of the negative energy states.

For this solution we have chosen k2 = −
√

(E − V0)2 −m2 for V0 > E + m
in region II. In many textbooks you find a slightly different solution, with

Figure 9: The transition from the spectrum in region I (z < 0) to that in
region II (z > 0).
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k2 = +
√

(E − V0)2 −m2 for V0 > E +m. For this solution the group velocity
in region II is negative and the reflected current is larger than the incoming
one. An interpretation is that at the boundary, electron-positron pairs are
created. The electrons travel to the left in region I, while the positrons travel
to the right in region II. As we will see shortly, a positron traveling forward
in time corresponds to a negative-energy solution traveling backwards in time.
Although the paradox, presented this way may seem very impressive, this
solution does not correspond to the correct limit of a smooth potential step,
as the width is taken to zero. In Klein’s original paper, one finds the solution
presented here.
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2.7 The negative energy solutions

If we use he standard quantum mechanics interpretation of one-body wave
equations for the Dirac and Klein-Gordon equations we run into deep trouble.
The reason is the existence of the negative energy solutions. Because the
spectrum is not bounded from below, this lead to an instability of any state
with one or more electrons, like an atom. Nothing prevents an electron in
a positive energy state from making a transition to any one of the infinite
number of negative energy states, thereby emitting photons. In fact, the rate
for an electron in the ground state of the hydrogen atom to make a transition
into the energy interval −2m < E < −m is on the order of 108sec−1. The
lifetime of the hydrogen atom goes to zero as all negative energy states are
included. Clearly this cannot be!

In order to avoid this catastrophe we must abandon the one-body interpreta-
tion of the Dirac equation. The first solution, presented by Dirac in 1927, is
to postulate that all the negative energy states are filled with electrons, with
one electron in each state. Since the the Pauli principle allows only one elec-
tron per state, the positive energy states are now stable. This is analogous to
the stability of the last filled electron orbit in an atom, which cannot decay,
because all lower lying states are filled. Because of the analogy with a filled
Fermi sea, the filled negative energy states are called the Dirac sea.

Figure 10: Pair production in the hole theory.

In order not to have infinite energy and charge, one renormalizes these quan-
tities in vacuum. In other words, the energy and charge is measured relative
to the filled Dirac sea. We have now arrived at a many-body theory of the
electron. The vacuum is filled with electrons in the Dirac sea, which become
detectable only if we excite a negative energy electron into a positive energy
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state (see Fig. 10). This process results in an empty state in the Dirac sea,
a hole. Relative to the filled Dirac sea, the hole carries the opposite quantum
numbers of the original electron, e.g. the charge is positive. The hole is in-
terpreted as an antiparticle. Based on these considerations, Dirac postulated
the existence of antiparticles and in particular the positron in 1930-31. The
positron was found in cosmic rays by Anderson in 1932. Our treatment of the
hole theory is very brief. A more detailed discussion can be found in textbooks,
e.g. Bjorken & Drell vol 1.

Diracs interpretation was revolutionary. Remember that at the time he made
his prediction there were no experimental results that required the existence
of antiparticles. Nevertheless, it is not satisfactory because it works only for
fermions but not for bosons and it requires the vacuum to be filled with an
infinitely charged unobservable sea of electrons.

Figure 11: The interpretation of an electron moving backwards in time with
negative energy as a positron with positive energy.

The presently accepted interpretation of the negative energy states is due to
Stückelberg and Feynman. In their interpretation the negative energy states
make sense when one lets them propagate backwards in time. A negative
energy solution propagating backwards in time describes an antiparticle prop-
agating forwards in time, as illustrated in Fig. 11. Thus, an electron with
negative energy propagating backwards in time from point (2) to point (1)
is equivalent to a positron propagating forwards in time from point (1) to
point (2). Within this picture, which works also for bosons, one can describe
all scattering processes of particles and antiparticles as well as the annihila-
tion and production of particle-antiparticle pairs. The Stückelberg-Feynman
interpretation leads to the following statements:
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- The emission of an antiparticle with four-momentum pµ is equivalent to
the absorption of a particle with four-momentum −pµ.

- The absorption of an antiparticle with four-momentum pµ is equivalent
to the emission of a particle with four-momentum −pµ.

Consider the scattering of charged electrons off a time-dependent electromag-
netic potential. We call the e− particles and e+ antiparticles. The time depen-
dence of the potential is assumed to be of the simple form V (t) = V0 exp(−iωt).
The sign in the exponent means that the potential gives energy to the electron,
i.e. the electron absorbs gamma quanta. We consider three cases:

1. e− scattering (Fig. 12a). The transition matrix element is given by

M ∝
∫
φ?outV (t)φindt , (117)

where
φin ∝ exp(−iEint) φ?out ∝ exp(iEoutt) . (118)

The time integration yields

M ∝ δ(Eout − Ein − ω)⇒ Eout = Ein + ω . (119)

Thus the electron has absorbed a photon of energy ω.

Figure 12: a) e− scattering off a time dependent potential. b) Scattering of
a backwards propagating e− with negative energy is equivalent to a forward
propagating e+ with positive energy.

2. e+ scattering (Fig. 12b). The incoming e+ with energy E1 > 0 corresponds
to an outgoing e− with negative energy Eout = −E1 < 0, while the outgoing e+

with energy E2 > 0 corresponds to an incoming e− with energy Ein = −E2 <
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0. The transition matrix element is computed for the backwards running
particle with negative energy

M ∝
∫
φ?outV (t)φindt ∝

∫
exp

(
i
(
Eout − Ein − ω

)
t
)

dt . (120)

Expressed in terms of the π− energies

M ∝
∫

exp (i (E2 − E1 − ω) t) dt = 2πδ(E2 − E1 − ω) . (121)

Thus the energy of the e+ is also increased by the amount ω.

Figure 13: a) e+e− creation by a time dependent potential. b) e+e− annihila-
tion.

3. Creation of a e+e− pair (Fig. 13a). In the Stückelberg-Feynman interpreta-
tion this corresponds to a negative energy e− propagating backwards in time,
which through the interaction with the potential is converted into a positive
energy e− propagating forwards in time.

M ∝
∫

exp
(
i
(
Eout − Ein − ω

)
t
)

dt = 2πδ(E2 + E1 − ω) , (122)

which implies E1 + E2 = ω. Thus, the energy of the absorbed photon equals
the total energy of the created pair.

For the absorption of an electron-positron pair (Fig. 13b) one finds a nega-
tive value for ω, meaning that the energy is absorbed by the potential. One
finds that the energy absorbed by the potential equals the total energy of the
absorbed pair.
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These considerations are only qualitative, but they illustrate the utility of the
Stückelberg-Feynman approach, where four different processes can be handled
in the same formalism.

We have found that a relativistic quantum field theory necessarily involves an-
tiparticles. These lead to new processes, not present in non-relativistic quan-
tum mechanics. We have discussed the lowest order processes, the creation
and annihilation of particles and antiparticles. In processes that are of higher
order in the sense of a perturbation expansion, these processes give rise to new
contributions to the scattering of particles. Consider electron scattering off a
potential. To second order in the interaction two processes are possible, as
shown in Fig. 14.

Figure 14: Electron scattering to second order in the interaction. a) Ordinary
double scattering. b) production and destruction of a virtual electron-positron
pair.

1. For t2 > t1 one obtains the standard double scattering term, which is present
also in ordinary second order perturbation theory of the Schrödinger type.

2. For t2 < t1, a new type of contribution arises, where at t = t2 a e+e− pair is
created by the potential and at t = t1 the positron and the incoming electron
is annihilated by the potential. This process illustrates the many-body nature
of QFT, where in an intermediate state there are three particles present, two
electrons and a positron.

Because the initial and final states are identical, the two processes must be
added coherently! Thus, there will be interference between the two contribu-
tions. At low energies the processes of the second type are generally expected
to be small, due to the large energy of the intermediate state. However, for
electromagnetic interactions they cannot be neglected, since they are required
by gauge invariance. In fact at threshold, such a term dominates scattering
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of photons off electrons and gives rise to the famous Thomson term, obtained
also using classical considerations.

We conclude that the Dirac “wavefunction”, due to the interpretation of the
negative energy states, describes many-body processes in a complicated vac-
uum.
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3 Feynman diagrams

So far we have dealt only with non-interacting particles, except for the qual-
itative arguments at the end of section 8. For the more interesting case of
interacting particles one is not in general able to find the exact solution. There-
fore one has developed strategies to find approximate answers to problems one
is interested in. The most important approximate method for dealing with
quantum mechanical problems is perturbation theory. In QFT the perturba-
tion series can be phrased in terms of the Feynman diagrams, which is the
subject of this section. Before we come to the Feynman diagrams we need
some preliminaries, in particular the Green’s functions or propagators.

3.1 Green’s functions

The Dirac equation for an electron in an electromagnetic field is most simply
obtained by minimal substitution ∂µ → ∂µ+ieAµ, a procedure which preserves
gauge invariance8. One thus finds

[iγµ (∂µ + ieAµ(x))−m] Ψ(x) = 0 , (123)

where we have introduced the four-dimensional vector potential Aµ = (Φ, ~A),
which transforms like a four-vector. By moving the interaction term to the
right hand side, we obtain the free Dirac equation on the left hand side with
an inhomogeneity on the right hand side[

i∂/−m
]

Ψ(x) = eA/(x)Ψ(x) . (124)

This equation is not in general analytically solvable. In order to understand
the technique for solving this equation, we need to understand the Green’s
function technique for solving differential equations. To recall this technique,
we consider the Poisson equation for the electric field generated by a charge
distribution ρ(~x)

~∇ 2Φ(~x) = −ρ(~x) (125)

One first solves the equation for a point charge at ~x0, ρp(~x) = qδ(3)(~x − ~x0).
This is easily done by a Fourier transform to momentum space

Φ(~x) =
∫ d3k

(2π)3
Φ(~k) ei

~k·~x (126)

8This is the Lorentz covariant version of the substitution used in non-relativistic problems,
see also eq. 53
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ρp(~x) =
∫ d3k

(2π)3
ρp(~k) ei

~k·(~x−~x0) , (127)

where ρp(~k) = q. Each Fourier component satisfies the equation

−~k 2
Φp(~k) = −q e−i~k·~x0 (128)

or
Φp(~k) =

q

~k
2 e
−i~k·~x0 . (129)

Inserting this into the Fourier integral (126) we find

Φp(~x) = q
∫ d3k

(2π)3

1

~k
2 e

i~k·(~x−~x0) =
q

4π

1

|~x− ~x0|
(130)

=
∫
d3x′G(~x, ~x ′) ρp(~x

′). (131)

Using the last equation we can identify the Green’s function

G(~x, ~x ′) ≡ G(|~x− ~x ′|) =
1

4π

1

|~x− ~x ′|
. (132)

In a translationally invariant system the Green’s function depends only on the
difference in the coordinates. With the help of the Green’s function one can
construct the solution to the original problem (125)

Φ(~x) =
∫
d3x′G(|~x− ~x ′|) ρ(~x ′) . (133)

In summary, The Green’s function for the Poisson equation, which is given by
eq. (132), satisfies the equation

~∇ 2

x G(|~x− ~x ′|) = −δ(3)(~x− ~x ′) . (134)

In momentum space the Green’s function is simply G(~k) = 1/~k
2
.

Now we return to the Dirac equation for an electron in an electromagnetic
field (124). In analogy with the Green’s function for the Poisson equation, we
define a Green’s function S(x, y) for the free Dirac equation, which satisfies
the differential equation9[

i∂/−m
]
S(x, y) = 1δ(4)(x− y) . (135)

9For simplicity we use the following convention: a function of a 4-vector (e.g. xµ) is
denoted by f(x), while a function of only the spatial components is denoted by f(~x). We will
also sometimes for simplicity drop the indices in products of four vectors: e.g. xp ≡ xµpµ.
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Here 1 is the 4×4 unit matrix. The Green’s function is also a 4×4 matrix. It
follows from invariance under time reversal, space inversion and translational
invariance that S(x, y) = S(y, x) = S(x− y). The 4-dimensional δ function is
defined by δ(4)(x− y) = δ(x0 − y0)δ(3)(~x− ~y), where x0 is the time coordinate
of the four vector x = (x0, ~x) etc..

A formal solution of the (124) is then given by

Ψ(x) = φ(x) + e
∫
d4y S(x− y)A/(y)Ψ(y) (136)

where φ(x) is a solution of the free Dirac equation, i.e.,(
i ∂/−m

)
φ(x) = 0 (137)

and d4x = dtd3x. This is determined by fixing the boundary conditions. For
instance in a scattering problem one has to fix the current of incident particles.
However, (136) is not really a solution to the problem, since it is not in closed
form, i.e. the unknown function Ψ appears also on the right hand side of (136).

Nevertheless, since the electromagnetic coupling constant is small, the second
term in (136) can be treated as a perturbation. The relevant parameter is
the fine structure constant α = e2/(4π) ' 1/137. Thus, we try to solve the
problem by iteration:

Ψ(0)(x) = φ(x) (138)

Ψ(1)(x) = φ(x) + e
∫
S(x− y)A/(y)Ψ(0)(y)d4y (139)

Ψ(2)(x) = φ(x) + e
∫
S(x− y)A/(y)Ψ(1)(y)d4y

= φ(x) + e
∫
S(x− y)A/(y)φ(y)d4y

+ e2
∫ ∫

S(x− y)A/(y)S(y − z)A/(z)φ(z)d4yd4z (140)

The three terms in the second order expression correspond to unperturbed
motion, single scattering and double scattering off the potential Aµ.

3.2 The Dirac propagator

In quantum field theory the Green’s functions are most often referred to as
propagators, because they “propagate” a solution in time. The form of the
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propagators for free particles are rather simple in momentum space but fairly
complicated in configuration space. It is therefore usually easier to work in
momentum space. The free Dirac propagator satisfies the equation (135). Its
Fourier transform is defined by

S(x− y) =
∫ d4p

(2π)4
S(p) e−ip(x−y) , (141)

where d4p = dp0d3p = dEd3p. Similarly,

δ(4)(x− y) =
∫ d4p

(2π)4
e−ip(x−y) , (142)

We thus obtain the equation satisfied by the momentum space propagator

(p/−m)S(p) = 1 . (143)

One then obtains the propagator by multiplying from the left by p/ + m and
using (p/−m)(p/ +m) = p2−m2, which follows from the anticommutation rule
for γ matrices (62). One thus finds

S(p) =
p/ +m

p2 −m2
. (144)

or in short hand form

S(p) =
1

p/−m
, (145)

where the matrix inversion is not explicitly performed. Thus, the propagator
in configuration space is given by

S(x− y) =
∫ d4p

(2π)4

p/ +m

p2 −m2
e−ip(x−y) . (146)

For the propagator to be well defined one must specify how the poles at

p2 = m2, i.e., at p0 = ±
√
~p

2
+m2 = ±E are to be circumvented. This corre-

sponds to a boundary condition on the propagator in configuration space. The
physically sensible boundary condition, that positive energy solutions propa-
gate forward and negative energy solutions propagate backward in time, is im-
plemented by adding an infinitesimal imaginary part iδ to the denominator

SF (p) =
p/ +m

p2 −m2 + iδ
=

1

p/−m+ iδ
, (147)
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This propagator is called the Feynman propagator. A corresponding Feynman
propagator exists for all particle species in a QFT. The Feynman propagator
in configuration space is then given by

SF (x− y) =
∫ d4p

(2π)4

p/ +m

p2 −m2 + iδ
e−ip(x−y) . (148)

Let us now discuss how solutions of the Dirac equation are propagated in time
by the Feynman propagator SF . We use the identity

p/ +m

p2 −m2 + iδ
=
m

E

(
Λ+ (~p)

1

p0 − E + iδ
− Λ− (−~p) 1

p0 + E − iδ

)
, (149)

where

Λ+(~p) =
γ0E − ~γ · ~p+m

2m
=

∑
s=1,2

u(~p, s)ū(~p, s) (150)

Λ−(~p) =
−γ0E + ~γ · ~p+m

2m
= −

∑
s=1,2

v(~p, s)v̄(~p, s) , (151)

where Λ+ and Λ− project onto positive and negative energy states, respectively.
The integral over p0 is the easily performed

SF (x− x′) = −i
∫ d3p

(2π)3

m

E

[
e−ip(x−x

′) Λ+(~p) θ(t− t′)

+ eip(x−x
′) Λ−(~p) θ(t′ − t)

]
. (152)

Note that here the zeroth component of p0 = E =
√
~p

2
+m2.

Lets now consider a positive energy solution at time t (x = (t, ~x))

Ψ
(+)
k (x) = Nu(k) e−ikx . (153)

The solution at another time t′ (x′ = (t′, ~x ′)) is given by

θ(t′ − t)Ψ(+)
k (x′) = i

∫
d3xSF (x′ − x)γ0Ψ

(+)
k (x) . (154)

To prove this, one uses (152), the identity∫
d3xeipx e−ikx = (2π)3δ(3)(~p− ~k) , (155)
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as well as

Λ+(~p)γ0u(p) =
E

m
u(p) Λ−(−~p)γ0u(p) = 0 (156)

For the conjugate solution one finds similarly

θ(t− t′)Ψ̄(+)
k (x′) = i

∫
d3xΨ̄

(+)
k (x) γ0 SF (x− x′) (157)

Analogously one can show that a negative energy solution is propagated only
backwards in time, i.e.,

θ(t− t′)Ψ(−)
k (x′) = −i

∫
d3xSF (x′ − x)γ0Ψ

(−)
k (x) . (158)

We will not expand further on this subject here. For a more detailed discussion
see the textbooks by Schmüser and Bjorken & Drell vol. 1.

We close this subsection by discussing the interacting propagator S ′F , which
includes the effects of the interactions. For the problem at hand, the interacting
propagator is defined by[

iγµ
∂

∂xµ
− eA/−m

]
S ′F (x− y) = δ(4)(x− y) , (159)

i.e., it describes the propagation of an electron including the interaction effects.
It is straightforward to show that the solution of the Dirac equation can now
be written as

Ψ(x) = φ(x) + e
∫
S ′F (x− y)A/(y)φ(y)d4y , (160)

where the unknown function Ψ no longer appears on the right hand side, i.e.,
it is an explicit equation for Ψ. However, the interacting propagator S ′F must
be determined before this equation can be used. By taking the difference of
the defining equations for the interacting and free Dirac propagator[

i∂/− eA/−m
]
S ′F (x− y) = δ(4)(x− y) (161)[

i∂/−m
]
SF (x− y) = δ(4)(x− y) , (162)

one finds [
i∂/−m

]
(S ′F (x− y)− SF (x− y)) = eA/(x)S ′f (x− y) . (163)
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Figure 15: Space time diagram illustrating the nth order contribution to the
Feynman propagator.

Now we can use the Green’s function technique to formally solve this equa-
tion. We then arrive at the Dyson equation, which determines the interacting
propagator in terms of the free one for a given interaction

S ′F (x− y) = SF (x− y) + e
∫
SF (x− z)A/(z)S ′F (z − y)d4z . (164)

Clearly this is an implicit equation for S ′F . Consequently, we have just moved
the difficulties to a different level.

We can generate the perturbation series for the propagator by iteration of the
Dyson equation (164)

S
(0)
F (x− x′) = SF (x− x′) (165)

S
(1)
F (x− x′) = SF (x− x′) + e

∫
SF (x− x1)A/(x1)SF (x1 − x′)d4x1 (166)

S
(2)
F (x− x′) = SF (x− x′) + e

∫
SF (x− x1)A/(x1)SF (x1 − x′)d4x1

+ e2
∫ ∫

SF (x− x1)A/(x1)SF (x1 − x2)A/(x2)SF (x2 − x′)d4x1d
4x2 .

(167)

A typical term in the series is diagrammatically illustrated in Fig. 15. Each line
corresponds to a propagator SF and each intermediate dot to an interaction
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with the electromagnetic field Aµ. All intermediate points are integrated over
all of space-time. This is a prototype Feynman diagram! Given the Feynman
rules there is a one-to-one correspondence between the Feynman diagrams
and the mathematical expression for the corresponding contribution to the
propagator. This will be discussed in more detail in the next section.
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Figure 16: The scattering of an electron off a potential.

3.3 Rutherford scattering

As an example, which we use to illustrate the Feynman rules we consider the
scattering of electrons off a Coulomb potential, Rutherford scattering. The
scattering process is shown schematically in Fig. 48. At time t = t1 the
incident electron, denoted by a wave packet, is far away from the potential
and does not experience any interaction. At time t = t′ the electron arrives at
the target, and a scattered radially outwards traveling wave is created. Finally,
at time t = t2, the scattered wave reaches the detector, which is located at an
angle θ relative to the incident beam and covers a small solid angle ∆Ω. Only
that part of the scattered wave, which runs in the direction of ~pf is measured.
Thus, one must project out a final state φf with momentum direction ~pf from
the scattered wave. In order to compute the necessary matrix element, we
define the scattering matrix, S-matrix, through

ψscatt = Sφi . (168)

We obtain the matrix element for the transition i → f , by projecting the
scattering state onto the final state φf

Sfi =
∫
d3x2 φ

†
f (x2) S φi(x2)︸ ︷︷ ︸

ψscatt(x2)

. (169)

By inserting the perturbation expansion for the scattered wave (138-140) we

obtain a perturbation expansion for the S-matrix: Sfi = δfi +S
(1)
fi +S

(2)
fi + . . ..

To lowest order in the interaction, the scattered wave is then given by (139)

ψ
(1)
scatt(x2) = φi(x2) + e

∫
SF (x2 − x′)A/(x′)φi(x

′)d4x′ , (170)
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and the corresponding S-matrix by

S
(1)
fi = e

∫
d4x′

∫
d3x2φ

†
f (x2)SF (x2 − x′)︸ ︷︷ ︸
−iφ̄f (x′)

A/(x′)φi(x
′) (171)

Thus, the resulting S-matrix is

S
(1)
fi = −ie

∫
d4x′φ̄f (x

′)A/(x′)φi(x
′) . (172)

For the incoming and outgoing states we use the plane wave states10

φi(x) =

√
m

EiV
u(pi, si) e

−ipix

φ̄f (x) =

√
m

EfV
ū(pf , sf ) e

ipfx . (173)

and for the electromagnetic field we assume a Coulomb potential11

A0(x) =
−Ze

4π |~x|
~A(x) = 0 . (174)

Using this input, the S-matrix becomes

S
(1)
fi =

iZe2

4π

1

V

m√
EiEf

ū(pf , sf )γ
0u(pi, si)

∫
d4x′

1

|~x ′|
ei(pf−pi)x

′
(175)

The final integral is easily performed∫
d4x′

1

|~x ′|
ei(pf−pi)x

′
= 2πδ(Ef − Ei)

4π

~q 2
, (176)

where ~q = ~pf − ~pi. This yields

S
(1)
fi =

2πiZe2

V

m√
EiEf

ū(pf , sf )γ
0u(pi, si)

~q 2
δ(Ef − Ei) . (177)

10The normalization is chosen such that
∫
φ†φ = 1.

11Remember that for the electron e = −|e|, so that (174) corresponds to the Coulomb
field generated by a positive charge Z.
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The transition probability per particle for pisi → pfsf is

|Sfi|2

density of states︷ ︸︸ ︷
V d3pf
(2π)3

=
Z2e4m2

V Ei

|ū(pf , sf )γ
0u(pi, si)|2

(~q 2)2

× d3pf
(2π)3Ef

(2πδ(Ef − Ei))2 . (178)

For transitions in the time interval [−T/2, T/2], one of the factors 2πδ(Ef−Ei)
can be replaces by a factor T . The transition probability per unit time is then

R =
1

T
|Sfi|2

V d3pf
(2π)3

=
Z2e4m2

V Ei

|ūγ0u|2

(~q 2)2

d3pf
(2π)3Ef

2πδ(Ef − Ei) . (179)

Furthermore, the cross section is equal to R/J , where J is the flux of incident
particles

~J = φ̄i~γφi =
1

V

~pi
Ei

=
1

V
~vi (180)

Moreover, using d3pf = dΩp2
fdpf and EfdEf = pfdpf we find

dσ

dΩ
=

∫ Z2e4m2

|~vi|Ei
|ūγ0u|2

(~q 2)2

pfEfdEf
(2π)3Ef

2πδ(Ef − Ei)

=
Z2e4m2

4π2

|ūγ0u|2

(~q 2)2
. (181)

In an experiment, where the beam is unpolarized and the polarization of the
final particles is not measured, we must average over the initial polarizations
and sum over those in the final state. Thus the spin-averaged cross section is

dσ̄

dΩ
=
Z2e4m2

8π2

∑
sisf

|ūγ0u|2

(~q 2)2
. (182)

The spin sum can be converted into a trace, which we evaluate using the trace
theorems
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The trace of an odd number of γ matrices vanishes (183)

Tr1 = 4 (184)

Tra/b/ = 4ab = 4aµbµ (185)

Tra/b/c/d/ = 4[(ab)(cd)− (ac)(bd) + (ad)(bc)] (186)

Trγ5a/b/ = 0 (187)

Trγ5a/b/c/d/ = 4iεαβγδa
αbβcγdδ . (188)

The spin sum can be written as∑
sisf

ū(pf , sf )γ
0u(pi, si)u

†(pi, si)(γ
0)†(γ0)†u(pfsf )︸ ︷︷ ︸

ū(pi,si)γ0u(pf ,sf )

(189)

Using the identity (150)

∑
s

u(p, s)αū(p, s)β =

(
p/ +m

2m

)
αβ

(190)

we can rewrite the spin sum

∑
αβγδ

∑
sf

ū(pf , sf )α (γ0)αβ

(
p/i +m

2m

)
βγ

(γ0)γδ u(pf , sf )δ

=
∑
αβγδ (γ0)αβ

(
p/i +m

2m

)
βγ

(γ0)γδ

(
p/f +m

2m

)
δα

. (191)

Thus, the trace, which we have to evaluate is

1

4m2
Tr

(
γ0(p/i +m)γ0(p/f +m)

)
(192)

Using the trace theorems we find

1

m2

(
2EiEf − (pipf ) +m2

)
. (193)

For elastic scattering |~pi| = |~pf | ≡ p and Ef = Ei ≡ E. Furthermore

(pipf ) = EiEf − |~pi||~pf | cos θ

= E2 − p2 cos θ

= m2 + 2p2 sin2 θ/2 (194)
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Thus, the trace reduces to

2
E2

m2
(1− β2 sin2 θ/2) , (195)

where β = p/E, the velocity. Finally ~q 2 = (~pi − ~pf )
2 = 2p2(1 − cos θ) =

4p2 sin2 θ/2. We are now ready to write down the final form of the spin averaged
cross section

dσ̄

dΩ
=

Z2α2

4β2p2 sin4 θ/2
(1− β2 sin2 θ/2) . (196)

This is the so called Mott cross section. We note that the factor (1−β2 sin2 θ/2)
is due to spin. In the limit of slow electrons (β → 0) the Mott cross section
reduces to

dσ̄

dΩ
=

Z2α2m2

4p4 sin4 θ/2
. (197)

This is the Rutherford cross section. In the ultrarelativistic limit again, β → 1,
one finds

dσ̄

dΩ
=

Z2α2

4E2 sin4 θ/2
(1− sin2 θ/2) . (198)

Note that in the for an ultrarelativistic spin-1/2 particle, the spin factor is
(1 − sin2 θ/2) = (1/2)(1 + cos θ). Exercise: Why does the spin factor vanish
for θ = π in this case?

For massless particles, the helicity (~σ · p̂) is conserved, where p̂ = ~p/ | ~p | is
the unit vector in direction of ~p. Moreover, the Coulomb potential is spin-
independent, i.e. it does not induce spin flips. Thus, an initial particle with
positive helicity and momentum ~pi is scattered into a state with positive he-
licity and momentum ~pf (see Fig. 17).

In Quantum Mechanics we can rotate the spin in one basis, with the quantiza-
tion axis e.g. along the z-axis, to a different basis, where the quantization axis
is rotated from the z-axis through the angle θ, using the rotation matrices

| 1

2
,m〉θ =

∑
m′
d

1
2
m,m′(θ) |

1

2
,m′〉 (199)

The rotation matrices are matrix elements of the rotation operator for rotations
about the y-axis

dJM,M ′(θ) = 〈J,M | e−iJyθ | J,M ′〉 (200)
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Figure 17: The scattering of a massless electron off a spin-independent poten-
tial.

For spin-1
2

we thus find

d
1
2
1
2
, 1
2

(θ) = cos(θ/2)

d
1
2
1
2
,− 1

2

(θ) = − sin(θ/2)

d
1
2

− 1
2
, 1
2

(θ) = sin(θ/2) (201)

d
1
2

− 1
2
,− 1

2

(θ) = cos(θ/2).

(202)

Thus, the overlaps between the spin state in the initial and final states is

〈1
2
,
1

2
| 1

2
,
1

2
〉θ = cos(θ/2)

〈1
2
,−1

2
| 1

2
,−1

2
〉θ = cos(θ/2). (203)

(204)

Since helicity is conserved and there is no spin flip, we only consider “diagonal”
matrix elements. Averaging over the initial ones, we find for the probability

1

2

∑
m

∣∣∣∣〈12 ,m | 1

2
,m〉θ

∣∣∣∣2 = cos2(θ/2) = 1− sin2(θ/2) (205)

Thus, the spin factor in the Mott cross section is just the overlap (squared)
between the helicity states in the initial and final states

(~Sf · ~Si)2

~S2
f
~S2
i

(206)
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3.4 Electron-muon scattering

In the previous section we have discussed the interaction of an electron with
an external static potential. Such a calculation applies to scattering off a
heavy nucleus, which is hardly affected by the scattered election. However for
scattering off a lighter object, e.g. another electron or a muon, the target will
recoil and we must compute the electromagnetic field generated by the target
particle. Consider the reaction e−µ− → e−µ−. The wave equation for the
electro-magnetic field is the Maxwell equation

∂µ∂
µAν(x) = ejνmuon(x), (207)

Where jνmuon is the µ current, Aν = (Φ, ~A) is the 4-vector potential. We solve
the equation using the Green’s function

∂µ∂
µDαβ(x− y) = gαβδ(4)(x− y). (208)

The formal solution is

A(x) =
∫
d4yDµν(x− y)jνmuon(y) (209)

As usual, we solve for the Green’s function in momentum space

Dµν(x− y) =
∫ d4q

(2π)4
Dµν(q)e−iq(x−y) (210)

and find for the Feynman propagator

Dµν
F (q) = − gµν

q2 + iδ
. (211)

Digression on the photon propagator.

The photon has spin-1, and is described by a 4-vector field. It has 2 polari-
sations, λ = ±1. Thus, there are only two dynamical components, while the
photon field Aµ has 4 components. In order to obtain a sensible answer, the
unphysical components must be removed.

This problem is connected with gauge invariance. Consider first a massive
vector (Spin-1) particle. In the rest frame of the particle, there is a 3-fold de-
generacy of spin (2s+ 1). This degeneracy corresponds to spherical symmetry.
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The corresponding spin states are described by the spatial components of the
field Aµ

Am=1 = − 1√
2

(A1 + iA2)

Am=0 = A3 (212)

Am=−1 =
1√
2

(A1 − iA2)

The remaining component, A0, describes a Spin-0 field.

For a moving particle the situation is more complex. For instance, for a particle
moving along the z-axis, the A0 and A1 components are linear combinations
of the S = 1,m = 0 and S = 0 states.

Project out the S = 0 part
∂µA

µ = 0. (213)

In momentum space this corresponds to

kµA
µ = 0, (214)

which in the rest frame reduces to k0A
0 = 0. This in turn implies that A0 = 0,

i.e. that the unphysical degree of freedom is removed. For k3 6= 0 a linear
combination of A0 and A3 vanishes

k0A0 − k3A3 = 0. (215)

The orthogonal linear combination corresponds to the longitudinal state, S =
1,m = 0.

For a zero-mass particle, there is no rest frame, since | ~v |= c in any frame.
Thus, there is always a preferred direction and there is only an axial symmetry,
corresponding to rotations about the direction of motion. Hence, there are only
two degenerate states

~S · p̂ |λ〉 = λ | λ〉 (λ = ±1). (216)

These are the transversely polarized photons. The spin projected along the
momentum is called helicity. Helicity λ = +1 corresponds to right-handed cir-
cularly polarized light, while λ = −1 corresponds to left-handed polarization.

Helicity λ = 0 corresponds to longitudinally polarized photons. These exist
only near charges; they are the virtual photons that make up the Coulomb
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field around a charge. As we will see below, longitudinal photons are not
independent dynamical degrees-of-freedom.

There are infinitely many ways to eliminate the unphysical degrees of freedom.
This is the gauge invariance, When doing a calculation, one has to choose a
gauge. Observables are gauge invariant, i.e. a calculation of an observable
yields the same result independent of the choice of gauge. This can be used as
a check of a calculation.

We now compute the propagator for a spin-1 particle with a finite mass, m 6= 0.
The wave equation for the electromagnetic field is the Maxwell equation.

∂µF
µν = jν (217)

or using F µν = ∂µAν − ∂νAµ

∂µ∂
µAν − ∂ν∂µAµ = jν . (218)

This equation resembles (ignoring the second term) the Klein-Gordon equation
(17) for a massless field Aν . The wave equation for a massive vector field, the
so called Proca equation, is obtained by adding a mass term, in analogy to the
Klein-Gordon equation

∂µ∂
µAν − ∂ν∂µAµ +m2Aν = jν . (219)

Taking the 4-divergence of the Proca equation, we find

m2∂νA
ν = ∂νj

ν (220)

which implies that the a vector field Aν coupled to a conserved current (∂νj
ν =

0) satisfies the Lorentz condition (213), ∂νA
ν = 0, which projects out the

unphysical S = 0 states.

The equation of motion for the Green’s function12

∂µ∂
µDνσ(x− y)− ∂ν∂µDµσ(x− y) +m2Dνσ(x− y) = gνσδ(4)(x− y). (221)

We now explore this equation in momentum space, for the case kµ = (k0, k1, 0, 0)

((k0)2 − (k1)2)Dνσ(k)− kνk0D0σ(k)−m2Dνσ(k) = −gνσ. (222)

12This equation is obtained by a functional variation of the Proca equation with respect
to jσ(y), using Dνσ(x− y) = δAν(x)/δjσ(y) and δjν(x)/δjσ(y) = gνσδ(4)(x− y).
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We rewrite this equation in matrix form

(Kν
µ −Mν

µ)Dµσ(k) = −gνσ (223)

where

Kν
µ =


−(k1)2 k0k1 0 0
−k0k1 (k0)2 0 0

0 0 (k0)2 − (k1)2 0
0 0 0 (k0)2 − (k1)2

 (224)

and

Mν
µ = m2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (225)

In order to solve the matrix equation (223), we have to invert K −M . The
determinant of K −M is given by

det(Kν
µ −Mν

µ) = −m2[(k0)2 − (k1)2 −m2]3. (226)

Thus, there is a three-fold degenerate state with energy k0 = ±
√

(k1)2 +m2.
Moreover, the inverse of K −M exists and the resulting Green’s function is
for arbitrary kµ

Dµν
F (k) = −

gµν − kµkν

m2

k2 −m2 + iδ
. (227)

The numerator P µν = gµν − kµkν

m2 is a projection operator the projects on the
physical S = 1 states for on mass shell particles, k2 = m2.

We now turn to the massless case

Kν
µD

µσ(k) = −gνσ. (228)

Since det(K) = 0, the inverse of K does not exist. The reason for this is that
there are unphysical degrees of freedom, which have to be eliminated. This is
why one has to fix the gauge. We remove the unphysical degrees of freedom
by choosing the gauge, e.g. ~k · ~A = 0. In space-time this so called Coulomb
gauge corresponds to the gauge condition ~∇ · A = 0. For ~k = k ê1 we have
A1 = 0. Consequently, A1 vanishes identically and can be eliminated from the
problem. We thus remove the rows and columns corresponding to A1 from K,
and obtain a reduced matrix

K̂ =

 −(k1)2 0 0
0 (k0)2 − (k1)2 0
0 0 (k0)2 − (k1)2

 (229)
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The determinant of the reduced matrix is given det(K̂) = −(k1)2[(k0)2 −
(k1)2]2. Thus, there is a double degeneracy, corresponding to the two transverse
photon states, λ = ±1.

For the propagator in Coulomb gauge we find

D00(~k) =
1

~k2
(230)

and

Dij
F (k) =

δij − kikj

~k2

(k0)2 − ~k2 + iδ
(231)

The D00 component describes virtual photons and yields the Coulomb poten-
tial. Since D00 is independent of k0, these components of the photon field does
not correspond to dynamical degrees of freedom13 The spatial components
(i, j ∈ {1, 2, 3}) describe the propagation of the physical transverse photons.

The projector P ij = δij − kikj

~k2
projects on transverse polarizations and implies

that the propagator has transverse components only∑
i

kiDij =
∑
j

Dijkj = 0. (232)

There are other popular gauges, like the covariant Landau and Feynman gauges

Dµν
F (k) = −

gµν − kµkν

k2

k2 + iδ
(233)

Dµν
F (k) = − gµν

k2 + iδ
. (234)

Any observable must to be independent of the gauge. This is guaranteed if
the photon its coupled to a conserved current. Conversely, since the photon
propagator is gauge dependent, it is not an observable.

We now return to e−µ− scattering. The electromagnetic field of the muon is
given by Eq. (209). In the description of Rutherford scattering we had

S
(1)
fi = −ie

∫
d4x φ̄f (x)A/(x)φi(x) (235)

Inserting Aµ from above, one finds

Sfi = −ie2
∫
d4x d4y φ̄

(e)
f (x)γαφ

(e)
i (x) [DF (x− y)]αβ j

β
muon(y). (236)

13These components do not exist independently of the charges, and thus cannot travel
through vacuum.
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Now we need to specify the muon current. The muon current in the initial
state is, in analogy to (180,80), given by

[jαmuon(x)]ii = φ̄
(µ)
i (x)γαφ

(µ)
i (x) (237)

Since there are no transitions in the initial state, there is only a diagonal contri-
bution to the current. The current can however be generalized to off-diagonal
components. The current in the initial state is a diagonal matrix element
of the current operator γα. Now the photon couples to the current opera-
tor (A/ = γαA

α), so in the scattering process there are in general off-diagonal
matrix elements of the current operator. For instance, in (236) the photon cou-

ples to the off-diagonal matrix element of the electron current φ̄
(e)
f (x)γαφ

(e)
i (x).

Analogously, the off-diagonal muon current is given by

[jαmuon(x)]fi = φ̄
(µ)
f (x)γαφ

(µ)
i (x). (238)

Consequently, the S-matrix element is given by

Sfi = −ie2
∫
d4x d4y φ̄

(e)
f (x)γαφ

(e)
i (x) [DF (x− y)]αβ φ̄

(µ)
f (y)γαφ

(µ)
i (y). (239)

For a classical current, the emission or aborption of a photon does not perturb
the current. Therefore, classically there are only diagonal terms.

We introduce the wave functions for the initial and final electron and muon
states

φ
(e)
i (x) =

√
me

E
(e)
i V

u(p1)e−ip1x , (240)

φ̄
(e)
f (x) =

√√√√ me

E
(e)
f V

ū(p3)eip3x , (241)

φ
(µ)
i (x) =

√
mµ

E
(µ)
i V

w(p2)e−ip2x , (242)

φ̄
(µ)
f (x) =

√√√√ mµ

E
(µ)
f V

w̄(p4)eip4x. (243)

Using (210-211) we then obtain

Sfi = −ie2 memµ

V 2
√
E

(e)
i E

(e)
f E

(µ)
i E

(µ)
f

ū(p3)γαu(p1)(−gαβ)w̄(p4)γβw(p2)
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×
∫ d4q

(2π)4

1

q2 + iδ

∫ ∫
d4xd4x′ei(p3−p1−q)xei(p4−p2+q)x′︸ ︷︷ ︸

(2π)4δ(4)(p3−p1−q)(2π)4δ(4)(p4−p2+q)

(244)

= ie2 memµ

V 2
√
E

(e)
i E

(e)
f E

(µ)
i E

(µ)
f

ūγαu w̄γαw

(p3 − p1)2 + iδ

× (2π)4δ(4)(p1 + p2 − p3 − p4) . (245)

We could now write down the cross section in terms of the S-matrix, like we
did for the Rutherford cross section. However, it is more convenient to extract
the kinematical factors which allways occur and deal with those once and for
all, and define a reduced object, the invariant matrix element, which for eµ
scattering is given by

M = ie2 ū(p3)γαu(p1)w̄(p4)γαw(p2)

q2 + iδ
, (246)

where q = p3 − p1. One then has Feynman rules for calculating M. In
terms of the invariant matrix element, the cross section for the general reaction
involving only fermions 12→ 345 . . . n is

dσ =
1

|v1 − v2|
m1

E1

m2

E2

|M|2 m3d
3p3

E3(2π)3
· · · mnd

3pn
En(2π)3

× (2π)4δ(4)(p1 + p2−
n∑
i=3

pi)S , (247)

where Ei =
√
~p

2
i +m2

i and S is a symmetry factor, which is obtained by
including a factor 1/m! if there are m identical particles in the final state, i.e.,

S =
∏ 1

mi!
. (248)

For bosons the normalization is different, so for a bosons in the initial or final
state, the factor mi/Ei in (247) is replaced by 1/2Ei.
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For e− µ scattering we thus obtain

dσ =
1

|ve − vµ|
me

E
(e)
i

mµ

E
(µ)
i

|M|2 med
3p3

E
(e)
f (2π)3

mµd
3p4

E
(µ)
f (2π)3

× (2π)4δ(4)(p1 + p2 − p3 − p4) , (249)

where the invariant matrix element is given by (246). The corresponding
Feynman diagram is shown in fig. 18. The Feynman rules relevant for this
diagram are indicated.

-

Figure 18: Feynman diagram for electron-muon scattering.

3.5 Feynman rules

With the help of the Feynman rules one can put together the invariant am-
plitude for a scattering problem, a Green’s function or some other amplitude
one may need. The ingredients are the interaction vertices and the propaga-
tors. Which vertices are relevant depends on the process of interest and on the
theory one considers. In the Feynman diagram for eµ-scattering the relevant
vertices and propagator are indicated. The general Feynman rules for a theory
describing spin-1/2 fermions are (for details see e.g. Bjorken & Drell)
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1. Draw all connected diagrams for the process in question.

2. For each external spin-1/2 fermion line entering the graph, a factor u(p, s)
if the line is in the initial state and v(p, s) if it is in the final state.
Likewise, a factor ū(p, s) or v̄(p, s) for each line leaving the graph14.

3. For each external photon line, a polarization vector εµ.

4. For each internal spin-1/2 fermion line with momentum p, a factor

iSF (p) =
i

p/−m+ iδ
=

i(p/ +m)

p2 −m2 + iδ
. (250)

5. For each internal meson line of spin zero with momentum q a factor

i∆F (q) =
i

q2 −m2 + iδ
. (251)

6. For each internal photon line with momentum q a factor15

iDµν
F (q) = − igµν

q2 + iδ
(252)

7. For each internal momentum k not fixed by momentum conservation, a
factor ∫ d4k

(2π)4
(253)

8. For each closed fermion loop, a factor −1

9. A factor −1 between graphs which differ only be an interchange of two
external identical fermions.

10. For the electrodynamics of spin-1/2 particles, a factor −ieγµ for each
vertex of the type shown in Fig. 1816

14In these lectures we do not consider so called loop diagrams. If such diagrams are
included, one must also include so called renormalization factors Z for the external lines.

15For an internal line of a vector meson (e.g. ρ or ω), add an m2 term to the denominator.
16Because we do not consider loop diagrams, we also ignore the counter terms for mass

renormalization etc..
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Thus, for electron-muon scattering we obtain

M = (−i)3 e2 ū(p3)γαu(p1)gαβw̄(p4)γβw(p2)

q2 + iδ
(254)

We consider an unpolarized experiment, so we should average over the spins
in the initial state and sum over those in the final state. We now compute the
spin sums

∑
spins

| M |2 =
e4

q4

∑
s1s2s3s4

ū(p3)γµu(p1)ū(p1)γνu(p3)

× w̄(p4)γµw(p2)w̄(p2)γνw(p4) (255)

=
e4

q4
`µν Lµν , (256)

where we have denoted the electron trace by `µν and the muon one by Lµν ,
with

`µν =
∑
s1s3

ū(p3)γµu(p1)ū(p1)γνu(p3)

Lµν =
∑
s2s4

w̄(p4)γµw(p2)w̄(p2)γνw(p4). (257)

The spin sums of the invariant amplitude can be illustrated by the graph in
Fig. 19. The upper half of the graph depicts the amplitude, while the lower
half shows the conjugate amplitude. The electron in the initial state (p1) in
the amplitude is joined by the the corresponding final state of the conjugate
amplitude at the ring on the electron line. The connection corresponds to the

Figure 19: Illustration of the spin sums of the invariant amplitude.
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factor u(p1, s1)ū(p1, s1) in (255). A closed fermion line implies a summation
of the spins, which is taken care of by the corresponding trace. The closed
electron and muon lines gives rise to the electron and muon tensors `µν and
Lµν , respectively.

Using the trace theorems, one finds for the electron tensor

`µν =
1

4m2
e

Tr
(
γµ(p/1

+me)γ
ν(p/3

+me)
)

=
1

m2
e

(
pµ1p

ν
3 + pν1p

µ
3 − gµν(p1 · p3 −m2

e)
)

(258)

Using on-shell kinematics,

q2 = (p3 − p1)2 = p2
1 + p2

3 − 2p1 · p3 = 2(m2
e − p1 · p3), (259)

we can rewrite the last term in the electron tensor

`µν =
1

m2
e

(
pµ1p

ν
3 + pν1p

µ
3 + gµν

q2

2

)
. (260)

Similarly, one finds for the muon tensor,

Lµν =
1

m2
µ

(
pµ2p

ν
4 + pν2p

µ
4 + gµν

q2

2

)
. (261)

Using p4 = p2 − q we eliminate p4, and rewrite Lµν in terms of explicitly
transverse tensors

Lµν =
1

m2
µ

[
1

2

(
gµνq2 − qµqν

)
+ 2

(
pµ2 −

p2 · q
q2

qµ
)(

pν2 −
p2 · q
q2

qν
)]

. (262)

We note that for on-shell kinematics, the transversality holds also for the
electron tensors, i.e.

qµ`
µν = `µνqν = 0

qµL
µν = Lµνqν = 0. (263)

(264)

The transversality is a consequence of current conservation, ∂µ j
µ = 0.

We now combine the electron and muon tensors, starting with

`µν
1

2

(
gµνq

2 − qµqν
)

= −2q2

m2
e

p1p3 sin2(θ/2), (265)
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where we assume that the electron is ultra relativistic, i.e. that me << E
(e)
i .

The second term in (262) yields

`µν 2

(
pµ2 −

p2 · q
q2

qµ
)(

pν2 −
p2 · q
q2

qν
)

=
4m2

µ

m2
e

p1p3 cos2(θ/2). (266)

We now evaluate the phase space integral in (249) in the frame where the muon
in the initial state is at rest. Thereby, we fix the beam momentum p1 and the
scattering angle θ and focus on the density of states

me

(2π)3 p3

d3 p3
mµ

(2π)3E
(µ)
f

d3 p4 (2π)4 δ(4)(p1 + p2 − p3 − p4)

= me
dΩ3

4π2
p3d p3

mµ

E
(µ)
f

δ(p1 +mµ − p3 − E(µ)
f ) (267)

= me
dΩ3

4π2

p2
3

p1

,

where E
(µ)
f =

√
(~p1 − ~p3)2 +m2

µ.

Before collecting all terms, we discuss the details on the last step in (267).
Momentum conservation implies that the momentum of the muon in the final
state is ~p4 = ~p1 − ~p3. Thus, the argument of the energy-conserving δ-function
in the second line of (267) is p1 + mµ − p3 −

√
(~p1 − ~p3)2 +m2

µ. The integral

over p3 yields

p3dp3
mµ

E
(µ)
f

δ(p1 +mµ − p3 −
√

(~p1 − ~p3)2 +m2
µ)

=
p3mµ

E
(µ)
f + p3 − p1 cos θ

=
p3mµ

mµ + p1(1− cos θ)
=
p2

3

p1

(268)

The last equality is obtained by using

mµ

(
1

p3

− 1

p1

)
= 1− cos θ, (269)

which is obtained by squaring the equation

p1 +mµ − p3 =
√

(~p1 − ~p3)2 +m2
µ, (270)

which in turn follows from the energy conserving δ-function on the second line
of (267).
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Collecting all terms, we find for the spin-summed invariant matrix element
squared

∑
spins

| M |2=
e4

q4

4

m2
e

p1p3

(
cos2(θ/2)− q2

2m2
µ

sin2(θ/2)

)
, (271)

and for the spin-averaged differential cross section

dσ̄

dΩ
=

α2

4 p2
1 sin4(θ/2)

p3

p1

(
cos2(θ/2)− q2

2m2
µ

sin2(θ/2)

)
. (272)

The pre-factor is the Rutherford cross section for the scattering of an ultra-
relativistic electron, the first term in the paranthesis is the non-spin flip term
of the Mott cross sections, while the second term corresponds to a spin flip.
The factor sin(θ/2) is the overlap of a spin-flipped state quantized along the
beam axis and the final helicity state.

For a massless Dirac particle in a vector field (e.g. an electromagnetic field) the
helicity is conserved. Compare this behavior with electrons in a magnetic field.
For a Dirac electron (g = 2), the helicity is conserved, i.e. the angle between
spin and momentum is a constant of motion. For a particle with g 6= 2, the
spin precesses about the momentum. The precession frequency depends on the
deviation of g from 2. This is used to experimentally determine the value of g.
For a massless particle (m << E) the helicity is conserved also in an electric
field. Thus, the helicity of a massless fermion is preserved in an electromagnetic
field or more generally in a vector field. This is related to a symmetry, the
chiral symmetry of QCD.
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4 Symmetries

Symmetry is the most important concept
in elementary particle physics!

4.1 Isospin

As a first example we consider isospin symmetry. Isospin is an approximate
symmetry, which is based on the nearly degenerate masses of the neutron and
proton

mn −mp ' 1.3 MeV << mn ' 940 MeV (273)

Owing to the small mass difference, the neutron and proton can be considered
as two states of the same particle, the nucleon. The neutron and proton are
members of a doublet (

p
n

)
. (274)

The proton-neutron doublet is isomorph to the spin doublet of the electron, i.e.
there is a one-to-one correspondence between he two. In 1932, in the year the
neutron was discovered by Chadwick, Heisenberg introduced a new quantum
number isospin, in analogy with spin. The proton is the isospin-up state, the
neutron the isospin-down state of the nucleon:

| p〉 =

(
1
0

)
| n〉 =

(
0
1

)
(275)

Thus, the nucleon has isospin I = 1
2

and isospin projection mi = ±1
2
. The

proton corresponds to mi = +1
2

and the neutron to mi = −1
2
.

Consider now the spin states of a two-electron system. The electron has spin
1
2

and spin projection ms = ±1
2
. The spin of a two-electron system obtained

by angular momentum coupling is S = 0, 1:

| S = 1,ms = +1〉 =|↑↑〉
| S = 1,ms = +0〉 = 1√

2
|↑↓ + ↓↑〉

| S = 1,ms = −1〉 =|↓↓〉

| S = 0〉 = 1√
2
|↑↓ − ↓↑〉

(276)
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In analogy to spin, one can construct the two-nucleon state of good isospin

| I = 1,mi = +1〉 =| pp〉
| I = 1,mi = +0〉 = 1√

2
| pn+ np〉

| I = 1,mi = −1〉 =| nn〉

| I = 0〉 = 1√
2
| pn− np〉

(277)

Thus, the isospin-1 states are symmetric under exchange of the two nucleons,
while the isospin-0 state is antisymmetric.

The state of a nucleon is specified in a product space

| ~p,ms,mi〉 = | ~p〉︸︷︷︸
space−time

⊗ | 1

2
ms〉︸ ︷︷ ︸

spin

⊗ | 1

2
mi〉︸ ︷︷ ︸

isospin

. (278)

As noted already, isospin is not an exact symmetry. It is broken by the electro-
magnetic interaction, since the electric field couples to the proton (Q = 1), but
not to the neutron (Q = 0). Moreover, the major part of isospin-breaking is
due to the quark masses, since the up and down quark masses are not identical,
mu 6= md, and the quark content of the proton is | p〉 =| uud〉+ . . ., while that
of the neutron is | n〉 =| udd〉 + . . .. In the standard model the masses of the
quarks are generated by the Higgs field. Thus, the breaking of isospin is to a
large extent understood in terms of the coupling of the Higgs to the quarks.
The electromagnetic effect is smaller, but not negligible.

Although isospin is not an exact symmetry, it is still a very useful concept
owing to the small violation. This is so small that it can be treated as a
perturbation.

4.2 Symmetries and groups

In these lectures we can only scratch on the surface of group theory. I will focus
on important concepts of group theory and the terminology used in particle
physics and then discuss a few examples.
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Definition: A group is a set G (group elements x, y, . . . ∈ G), upon which a
multiplication operation · with the following properties is defined:

i) Closure: For any x, y ∈ G⇒ x · y ∈ G

ii) Identity: ∃ an identity element e ∈ G such that ∀x ∈ G, x · e = e · x = x

iii) Inverse: ∀x ∈ G, ∃ an inverse element x−1 ∈ G such that
x · x−1 = x−1 · x = e

iv) Associativity ∀x, y, z ∈ G, (x · y) · z = x · (y · z)

Examples:

i) The integer numbers form a group under addition:
the “multiplication” law is (x+ y).

ii) The possible permutations of N objects form a group. We have N objects
in N positions. The elements of the permutation group are the N ! ways
we can reshuffle the objects. Consider the case N = 3:

• ( ) do nothing (a, b, c)→ (a, b, c)

• (12) interchange objects in position 1 & 2 (a, b, c)→ (b, a, c)

• (23) (a, b, c)→ (a, c, b)

• (13) (a, b, c)→ (c, b, a)

• (123) cyclic permutation (a, b, c)→ (c, a, b)

• (321) anticyclic permutation (a, b, c)→ (b, c, a)

The multiplication law for transformations of physical systems:
A ·B: first make the transformation B then A

(23) · (12) =?
(12): (a, b, c)→ (b, a, c)
(23): (b, a, c)→ (b, c, a)
⇒ (23) · (12) = (321)
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The permutation group is an example of a transformation group on a physi-
cal system. Reversible transformations on a system form a group under the
multiplication law given above.

- Identity element: ”do nothing”

- Inverse: undo a transformation

- Associativity holds, because at every step in x · y · z there is a definite
physical state.

In quantum mechanics, a transformation of a system is associated with a uni-
tary operator in Hilbert space. In other words, the transformation of a quan-
tum mechanical system is associated with a mapping of the group onto a set of
unitary operator. For each x ∈ G, there is a D(x), which is a unitary operator.
The mapping must preserve the multiplication law

D(x) · D(y) = D(x− y) (279)

for all x, y ∈ G. Such a mapping is called a representation of the group G.

Example:
D(n) = einθ (280)

is a unitary representation of the additive group of integers

einθeinθ = ei(n+m)θ (281)

Exercise:

Find a representation for the permutation group of 3 objects as 3×3 matrices.

A group is a multiplication table. A representation is a specific realization of
the group in terms of matrices (finite or infinite dimensional). The elements
of an Abelian group all commute with each other, i.e. x · y = y · x. In a non-
Abelian group on the other hand, the elements do not in general commute,
x · y 6= y · x. The additive group is an Abelian group, since einθeimθ = eimθeinθ.
On the other hand, the permutation group is non-Abelian. This is in general
true for groups with a representation in terms of matrices, since in general
A ·B 6= B · A for A,B ∈ matrices.
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Two representations are equivalent if they are related by a similarity transfor-
mation (change of basis)

D2(x) = SD1(x)S−1 (282)

A representation D is reducible if it is equivalent to a representation D′ with
block diagonal form

D′(x) = SD(x)S−1 =

(
D′1(x) 0

0 D′2(x)

)
(283)

Then, the Hilbert space can be broken up into orthogonal sub-spaces, each of
which is transformed into themselves by all operators D′(x)

D′(x) = D′1(x)⊕D′2(x), (284)

where ⊕ denotes a direct sum. A representation that does not have this prop-
erty is irreducible.

Example:

Two spin 1
2

particles

|↑↑〉
|↑↓〉
|↓↑〉
|↓↓〉


⇒



|↑↑〉
1√
2
|↑↓ + ↓↑〉
|↓↓〉

 S = 1

1√
2
|↑↓ − ↓↑〉 S = 0.

(285)

Under rotations in spin space the S = 1 and S = 0 states do not mix. Hence
the original representation in the ms1ms2 basis is reducible, while the S = 1
and S = 0 representations are irreducible. Note that the S = 0 state is
invariant under spin rotations.

Why are symmetries interesting?

Example: If the properties of a system are independent of the orientation, the
system has a symmetry, rotational symmetry. This in turn implies a conser-
vation law, the conservation of angular momentum.

Consider a rotation:

~r → ~r ′ = R~r

| ψ〉 → | ψ′〉 = U | ψ〉 (286)
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The overlap of two states must be independent of description

| 〈φ | ψ〉 |2=| 〈φ′ | ψ′〉 |2=| 〈Uφ | Uψ〉 |2=| 〈φ | U †U | ψ〉 |2 . (287)

Since this holds for any | φ〉 and | ψ〉, this implies that U †U = 1, i.e. that U
is unitary. Thus, U(R1), U(R2), . . . is a unitary representation of the rotation
group. We derive the form of this representation below.

Consider an observable, represented by an operator A in Hilbert space. In the
transformed state, the observable takes the value

〈ψ′ | A | ψ′〉 = 〈ψ | U †AU | ψ〉 (288)

There are two equivalent descriptions:

• Active: transform the state vector, | ψ〉 →| ψ′〉 = U | ψ〉

• Passive: transform the operator, A→ A′ = U †AU .

If the operator is invariant under the transformation considered

A′ = A

A = U †AU ⇔ [U,A] = 0 (289)

the corresponding observable is invariant.

〈ψ′ | A | ψ′〉 = 〈ψ | U †AU | ψ〉 = 〈ψ | A | ψ〉. (290)

If the energy eigenvalues are invariant,

H ′ = U †H U = H, [U,H] = 0. (291)

A symmetry of a system corresponds to a transformation that leaves the Hamil-
tonian invariant. Such a symmetry also leads to constants of motion. To see
this, consider first the Schrödinger picture, where the operators have no explicit
time dependence,

dU

dt
= 0. (292)

The Schrödinger equation

i
d

dt
| ψ(t)〉 = H | ψ(t)〉 (293)
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is invariant. To see this, let U act on (293) from the left

Ui
d

dt
| ψ(t)〉 = i

d

dt
U | ψ(t)〉 = i

d

dt
| ψ′(t)〉 =

UH | ψ(t)〉 = H U | ψ(t)〉 = H | ψ′(t)〉. (294)

Thus, the Schrödinger equation is invariant under the transformation U if
[U,H] = 0 and

i
d

dt
〈ψ(t) | U | ψ(t)〉 = 〈ψ(t) | UH −HU | ψ(t)〉 = 0, (295)

i.e. 〈U〉 is a constant of motion. This shows that a symmetry is associated
with a conservation law.

Consider now the same problem in the Heisenberg picture. There the states
are time independent,

d

dt
| ψH〉 = 0, (296)

while the operators are time dependent

UH(t) = eiHtUe−iHt. (297)

This implies that
dUH
dt

= i [H,UH ] . (298)

Since it is assumed that U commutes with H, the commutator in (298) vanishes
and consequently also in the Heisenberg picture we find that 〈UH〉 is a constant
of motion.

As an example, consider the the rotation group. This is called SO(3), which
stands for special orthogonal group in 3 dimensions. The elements of the group
are the rotations of an object in three-dimensional space.

Two successive rotations, R1 followed by R2, are equivalent to one rotation
R2R1

R1, R2 ∈ G ⇒ R2R1 ∈ G
R1R2 6= R2R1 (non− Abelian) (299)

R3(R2R1) = (R3R2)R1

The rotation group is a continuous group: the group elements are continuous
functions of their arguments. Any rotation in three dimensions is determined

77



Figure 20: The three independent rotations in three dimensional space.

by three parameters, α1, α2, α3. This is an example of a Lie group. These are
groups in which the elements are labeled by a continuous set of parameters. In
a compact Lie group the volume of the parameter space is finite and includes
the end points. A general element in such a group is completely defined by an
infinitesimal transformation. We will use this property below.

Consider an infinitesimal rotation about the z-axis. From a passive viewpoint,
we rotate the coordinate system through the angle θ,

~r ′ = R~r, (300)

as illustrated schematically in Fig. 21.

y

Figure 21: Passive viewpoint of a rotation, where the coordinate system is
rotated.
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Figure 22: Active viewpoint of a rotation, where the system is rotated.

On the other hand, in a rotation from the active viewpoint the system is
rotated through the angle −θ

ψ′(~r) = U ψ(~r), (301)

as shown in Fig. 22.

The two viewpoints are equivalent: the wavefunction in a given point, ~r in the
original system and ~r ′ in the rotated system, is the same

ψ(~r) = ψ′(~r ′) = U ψ(~r ′). (302)

We now rename the coordinates, replacing ~r ′ by ~r and since ~r = R−1~r ′, we
replace ~r by R−1~r. Thus, (302) becomes

ψ(R−1~r) = ψ′(~r) = U ψ(~r). (303)

The equality of the first and last term defines the unitary representation of the
rotation group U(R).

For an infinitesimal angle ε (see Fig. 23

R~r = (x− εy, y + εx, z)

ψ(R−1~r) = ψ(x+ εy, y − εx, z)

' ψ(x, y, z) + ε

(
y
∂

∂x
− x ∂

∂y

)
ψ(~r) (304)

=

1− iε(xp̂y − yp̂x︸ ︷︷ ︸
Jz

)

ψ(~r),
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Figure 23: An active rotation of the vector through the angle −ε, ~r → R−1~r.

where we have introduced the momentum operator p̂i = −i∂/∂xi. The gen-
erator for rotations about the x−axis is the third component of the angular
momentum operator

U(ε) = 1− iεJz. (305)

Rotations through a finite angle θ is obtained by applying U(ε) repeatedly

U(θ) = lim
n→∞

[U(θ/n)]n = lim
n→∞

(1− i θ
n
Jz)

n = e−iθJz (306)

Analogous expressions are obtained for rotations about the x− and y−axes,
and hence for a general rotation

U(~θ) = e−i(θxJx+θyJy+θzJz = e−i
~θ· ~J . (307)

Jx, Jy, Jz are linearly independent hermitian operators. They are the generators
of the rotation group. The generators are operators in Hilbert space and they
themselves span the vector space of transformations. The dimension of the
Hilbert space that the generators act on vary with the representation, while
the dimension of the vector space of transformations is fixed for a group, and
equal to the number of generators.

The generators satisfy the commutator algebra, which determines the proper-
ties of the group. For the rotation group SO(3)

[Ji, Jj] = iεijkJk. (308)

The εijk are the so called structure constants, in general denoted by fijk, which
determines the group algebra. The structure constants of the rotation group
are given by the totally antisymmetric or Levi-Civita tensor εijk.
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Non-linear functions of the generators that commute with all generators are
called invariants or Casimir operators. For the rotation group

~J 2 = J2
x + J2

y + J2
z (309)

is the only Casimir operator,

[ ~J 2, Ji] = 0, (310)

for i ∈ {1, 2, 3}. This implies that one can construct states that are eigenstates

of both ~J 2 and one of the Ji.

~J 2 | jm〉 = j(j + 1) | jm〉
Jz | jm〉 = m | jm〉 (311)

It is also useful to define ladder operators

J± = Jx ± iJy (312)

with the properties

J± | jm〉 =
√
j(j + a)−m(m± 1) | jm± 1〉 (313)

In summary, the angular momentum operators Ji are the generators of the

rotation group and U(~θ) = e−i
~θ· ~J is a unitary representation of the rotation

group.

Some definitions

i) The dimension of a representation is equal to the dimension of the vector
space upon which it acts.

ii) The fundamental representation is the lowest dimensional non-trivial rep-
resentation of the group. All other representations can be built from the
fundamental one.

iii) In the adjoint representation, the generators are given by the structure
constants.

Consider the group defined by

[Ta, Tb] = ifabcTc. (314)
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The commutator algebra holds for any representation of the group. The adjoint
representation is then defined by

(Ta)bc = −ifabc. (315)

For the adjoint representation, the dimension of the representation is equal
to the dimension of the vector space of transformations. Thus, for SO(3) the
adjoint representation is given by 3× 3 matrices

(J1)jk = −iε1jk = i

 0 0 0
0 0 −1
0 1 0



(J2)jk = i

 0 0 1
0 0 0
−1 0 0

 (316)

(J3)jk = i

 0 −1 0
1 0 0
0 0 0


(317)

Exercise: Transform J1, J2, J3 in the adjoint representation of SO(3) into the
spherical basis

| m = 1〉 = − 1√
2

 1
i
0



| m = 0〉 =

 0
0
1

 (318)

| m = 1〉 =
1√
2

 1
−i
0


(319)
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4.3 The group SU(2)

The group SU(2) is the simplest non-Abelian group. It has three generators
Jx, Jy and Jz that satisfy the algebra

[Ji, Jj] = iεijkJk. (320)

The SU(2) algebra is the same as that of the rotation group SO(3), i.e. there
is a 1-1 correspondence between the two. The group SU(2) is homomorphic
to SO(3); for every element in SO(3) there are two elements in SU(2). This
is closely connected with the transformation properties of spin-1

2
particles (de-

scribed by SU(2)) under rotations. In general there may be many Lie groups
with the same Lie algebra. Only one of them is simply connected. This group
is called the universal covering group. For the angular momentum algebra,
SU(2) is the universal covering group.

The spin-j representation is (2j + 1) dimensional; the j = 1
2

representation is
the fundamental one. The SU(2) generators in the j = 1

2
representation are

ji =
1

2
σi, (321)

where

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (322)

are the Pauli matrices.

As basis states in the 2D Hilbert space, one usually takes the eigenstates of σ3

χ↑ =

(
1
0

)
, χ↓ =

(
0
1

)
. (323)

Since the Pauli matrices are hermitian, the transformation matrices are unitary

U(~θ) = e−
i
2
~θ·~σ. (324)

Here ~θ = θn̂ where n̂ is a unit vector, n̂ · n̂ = 1. Using the properties of the
Pauli matrices ((σ · n̂)2n = 1, (σ · n̂)2n+1 = σ · n̂) one can make the matrix
structure of the transformation matrix explicit

U(~θ) = cos(θ/2)− i~σ · n̂ sin(θ/2) (325)
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Because the generators are traceless, the elements of the group e−
i
2
~θ·~σ have

unit determinant. Here we use the property

det eA = eTrA, (326)

where A is a matrix. The group SU(2) is a group of unitary (complex) trans-
formation matrices with unit determinant. The rating special restricts the
elements of the group to those with det = 1. The group U(2) contains SU(2)
and elements with det 6= 1

There are 1, 2, 3, 4, 5, . . . dimensional representations of SU(2) corresponding
to j = 0, 1/2, 1, 3/2, 2, . . .. The fundamental representation is 2-dimensional
(j = 1/2), the adjoint representation 3-dimensional (j = 1).

4.4 Reducible and irreducible representations

Consider two systems with angular momentum jA and jB. The composite
system, formed of the two subsystems may be described in the basis

| jA, jB;mA,mB〉 =| jA,mA〉⊗ | jB,mB〉 (327)

The total angular momentum

~J = ~JA + ~JB (328)

also satisfies the SU(2) algebra and the eigenvalues of ~J2 and Jz are good
quantum numbers. The corresponding eigenstates are convenient basis states.
The total angular momentum j takes on the values

j = jmin, jmin + 1, . . . , jmax − 1, jmax, (329)

where jmin =| jA − jB | and jmax = jA + jB.

Under SU(2) transformations (rotations in ”spin” space), states with total
angular momentum j and j′ 6= j do not mix. Thus, the representation of
the rotation/SU(2) group in the basis (327) can be transformed into a block-
diagonal representation. In other words, the original representation is in gen-
eral (for jA, jB > 0) reducible.

The dimension of this representation is (2jA + 1)(2jB + 1). It may be writ-
ten as a sum of irreducible representations of dimensions (2jmin + 1), (2jmin +
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Figure 24: The irreducible representations of dimension (2jmax + 1), (2jmax −
1), . . . , (2jmin + 1).

3), . . . , (2jmax− 1)(2jmax + 1), as illustrated in Fig. 24. The basis states of the
irreducible representations are given by

| jA, jB; J,M〉 =
∑

mA,mB

〈jAmA, jBmB | JM〉 | jA, jB;mA,mB〉, (330)

where 〈jAmA, jBmB | JM〉 is a Clebsch-Gordan coefficient.

If the symmetry is exact ([H, ~J ]), states with the same j are degenerate (they
form a multiplet).

Example: Two Spin-1/2 particles are combined into a system with S = 0, 1.

Symbolically we write
2⊗ 2 = 3⊕ 1, (331)

where 1, 2, 3 denotes the dimension of the multiplet. Thus, ’2’ denotes a spin-
1/2 state, ’3’ a spin-1 state etc.. The left hand side is reducible, while the
right hand side denotes the direct sum of irreducible representations. We now
consider a system consisting of three spin-1/2 particles:

2⊗ 2⊗ 2 = (3⊕ 1)⊗ 2

3⊗ 2⊕ 1⊗ 2 = 4⊕ 2⊕ 2. (332)

Thus, we obtain one spin-3/2 and two spin-1/2 irreducible representations.
The spin-3/2 representation is completely symmetric, while the two doublets
exhibit two different mixed symmetries.
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4.5 Finite symmetry group

Finite groups contain a finite number of elements. A very simple group, which
plays an important role in particle physics is the cyclic group Z(2). It has two
elements

e the identity element

g g2 = e. (333)

The element g can describe space inversion (~x → −~x) or particle-antiparticle
conjugation (also called charge conjugation). Invariance under g means that
there is a unitary representation of Z(2) U(g), which commutes with the Hamil-
tonian

[U,H] = 0

〈Uψ | Uφ〉 = 〈ψ | U †U | φ〉 = 〈ψ | φ〉 (334)

Parenthetically we mention that for time reversal (t→ −t), the representation
must be anti-unitary

〈Ūψ | Ūφ〉 = 〈ψ | φ〉? = 〈φ | ψ〉 (335)

For this simple group, U2 = 1, since e.g. twice space inversion is equivalent
to no space inversion. Together with the unitarity condition, U †U = 0, this
implies that U † = U , i.e. that U is an hermitian operator and thus can
describe an observable. If the system is invariant under U , i.e. [U,H] = 0,
the corresponding observable is conserved. The eigenvalues of U are quantum
numbers

U | p〉 = p | p〉
U2 | p〉 = p2 | p〉 =| p〉 (336)

This implies that p2 = 1 or that p = ±1. Thus, the eigenvalues are real, as it
should be for an hermitian operator.

Invariance of the Hamiltonian under U(g) means that only transitions between
states with the same eigenvalues are possible. This leads to selection rules.

The eigenvalues of U are multiplicative quantum numbers. To see this, assume
that U | p〉 = p | p〉 and U | q〉 = q | q〉, with p, q = ±1. First assume that the
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quantum number is additive

U | p〉 | q〉 = (p+ q) | p〉 | q〉
U2 | p〉 | q〉 = (p+ q)2 | p〉 | q〉 (337)

(338)

However, the last equation contradicts the fact that U2 = 1. On the other
hand, assuming U | p〉 | q〉 = pq | p〉 | q〉 is consistent with U2 = 1, since
p2 = q2 = 1. Thus, the corresponding quantum number is multiplicative.

The strong and electromagnetic interactions are invariant under P and C but
the weak interaction is not. Invariance under these symmetries leads to selec-
tion rules. Consider for instance the decay of a π0 meson. Neutral bosons,
e.g. π0 and the photon γ, are eigenstates of charge conjugation. Later we will
see how charge conjugation and parity can be connected to the other quantum
numbers in the quark model. One finds for charge conjugation

U(c) | π0〉 = +1 | π0〉
U(c) | γ〉 = −1 | γ〉 (339)

Thus, an even number of photons is even under charge conjugation, while and
odd number of γ’s is odd. It follows that

π0 → 2γ (340)

is allowed, while π0 cannot decay into three photons.

4.6 Strangeness

The life times of some particles are unexpectedly long, e.g. that of the Σ−.
This particle or produced in the reaction

π−p→ K+Σ− (341)

The cross section for this process is large. One concludes that the reaction is
due to the strong interaction. The mass of the Σ− is mΣ− = 1197 MeV and it
decays through

Σ− → nπ− (342)

with the lifetime τΣ− ' 1.4× 10−10s.
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In this decay, the baryon number and electronic charge are conserved. Why is
this process so much slower than the decay of the ∆−,

∆− → nπ−? (343)

The mass of the ∆ resonance is not very different from that of the Σ, m∆− =
1232 MeV but its life time is about 13 orders of magnitude shorter, τ∆− '
2× 10−23s.

Based on such observations Gell-Mann and Nishijima postulated a new quan-
tum number, strangeness S. The strangeness of some of the hadrons discussed
here is

π,N,∆ S = 0

K+, Σ̄, Λ̄ S = +1 (344)

Λ,Σ, K− S = −1.

Furthermore, Gell-Mann postulated that strangeness is conserved by the strong
and electromagnetic interactions, but not by the weak interaction! The reac-
tions

π−p → K+Σ−

∆− → nπ− (345)

go from a state with strangeness S = 0 to S = 0 and thus conserve strangeness,
while

Σ− → nπ− (346)

violates strangeness conservation, with S = −1 in the initial state and S = 0 in
the final one. Thus, the strong interaction contributes to the first two reactions,
whereas only the weak interaction can act in the third one. Note that Σ−

could decay into Λπ− by means of the strong interaction, but this reaction is
forbidden by energy-momentum conservation, since mΛ + mπ > mΣ. Taken
together, these deliberations explain the unusually long lifetime of Σ−. More
than a decade later, similar considerations lead to the discovery of of the next
flavor, charm. We return to this point below. The existence of strangeness is
now confirmed by the properties of numerous resonances.

The discovery of strangeness led Gell-Mann and Ne’eman to suggest a phe-
nomenological model, “The Eightfold Way”, where isospin and strangeness
was united in a larger symmetry group, SU(3). With this model, which was
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a predecessor of the quark model, the existence and mass of the Ω− resonance
was successfully predicted.

Flavor SU(3) was proposed in 1961, but it took several years before it was
generally accepted. The problem was that the SU(3) multiplets have a rather
wide spread in mass. For instance, the multiplet, which includes the nucleon
(mN ' 940 MeV) has a mass difference between the heaviest and lightest
particle

mΞ −mN'400MeV, (347)

One says that flavor SU(3) is explicitly broken or that it is an approximate
symmetry. One can split the Hamiltonian into a symmetry conserving and a
symmetry breaking part,

H = Hsym +HSB. (348)

Nevertheless, flavor SU(3) is a very useful symmetry. Corrections to the ideal
symmetry can be computed, as we discuss below in the context of hadron
masses. In the standard model, the explicit breaking of flavor SU(3) is related
to the different masses of the u, d, s quarks.

mu = 1.5− 3.3 MeV

md = 3.5− 6.0 MeV (349)

ms ' 104 MeV.
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4.7 SU(3)

The group SU(3) has 32 − 1 = 8 generators (the number of generators of
SU(N) is N2 − 1). The generators are traceless and hermitian, which implies
that the elements of the group are unitary and have unit determinant.

The fundamental representation consists of 3 × 3 matrices acting on triplet
states. The triplet can represent 3 colors, e.g. red, green and blue (R,G,B),
or flavors, u, d, s. Out of 8 generators, at most 2 are diagonal. The number of
commuting generators is equal to the rank of the group. The rank of SU(N)
is N − 1, i.e. for SU(3) it equals 2.

Furthermore, there are 2 Casimir operators. For Lie groups, the number of
Casimir operators is also equal to the rank of the group.

The standard choice for the generators of the fundamental representation are
Ti = 1

2
λi, where λi are the Gell-Mann matrices

λ1 =

 0 1 0
1 0 0
0 0 0

 λ2 =

 0 −i 0
i 0 0
0 0 0

 λ3 =

 1 0 0
0 −1 0
0 0 0



λ4 =

 0 0 1
0 0 0
1 0 0

 λ5 =

 0 0 −i
0 0 0
i 0 0

 λ6 =

 0 0 0
0 0 1
0 1 0



λ7 =

 0 0 0
0 0 −i
0 i 0

 λ8 = 1√
3

 1 0 0
0 1 0
0 0 −2

 .

(350)

Thus, λ3 and λ8 are the two diagonal generators. Note that F1, F2, F3 generate
an SU(2) subalgebra.

As a basis for the fundamental representation in flavor SU(3) we choose the
eigenstates of λ3 and λ8

| u〉 =

 1
0
0

 | d〉 =

 0
1
0

 | s〉 =

 0
0
1

 . (351)
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The eigenvalues are

λ3 | u〉 =| u〉 λ8 | u〉 = 1√
3
| u〉

λ3 | d〉 = − | d〉 λ8 | d〉 = 1√
3
| d〉

λ3 | s〉 = 0 λ8 | s〉 = − 2√
3
| s〉

(352)

For color SU(3) one replaces the flavor basis states by colored ones, u → R,
d→ G, s→ B.

We now turn to the SU(3) algebra. The properties of the group are defined
by the SU(3) commutator

[Fi, Fj] = ifijkFk, (353)

The structure constants fijk are completely antisymmeric in the indices, with

f123 = 1 f147 = f165 = f246 =

f257 = f345 = f376 = 1
2

f458 = f678 =
√

3
2

f213 = −1 etc. the rest = 0

(354)

The generators also satisfy the anticommutator relation

{Fi, Fj} =
1

3
δij1 + dijkFk, (355)

where 1 is the 3 × 3 unit matrix and dijk is a totally symmetric tensor. We
need dijk only to define one of the Casimir operators.

Since [F3, F8] = 0 we can label the states with the eigenvalues of F3 and F8

and of the Casimir operators

Ĉ2 =
8∑
i=1

F 2
i , Ĉ3 =

∑
ijk

dijkFiFjFk. (356)

The group elements of SU(3) are of the form

U(θi) = e−iθiFi (357)
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a) b)

Figure 25: Graphical representations of the SU(2) doublet (a) and SU(3)
triplet (b) in the isospin-hypercharge plane.

Flavor SU(3)

We define the operators for isospin T3 = F3 and hypercharge Y = 2√
3
F8 and

the ladder operators

T± = F1 ± i F2, U± = F6 ± iF7, V± = F4 ± iF5 (358)

First consider the fundamental representation of SU(2). The doublet is graph-
ically shown in Fig. 25a.

In SU(3) there are two quantum number, isospin T3 and hypercharge, Y , as
shown in Fig. 25b. The coordinates in the isospin-hypercharge plane are given
by the eigenvalues

T3 | u〉 = 1
2
| u〉 Y | u〉 = 1

3
| u〉

T3 | d〉 = −1
2
| d〉 Y | d〉 = 1

3
| d〉

T3 | s〉 = 0 Y | s〉 = −2
3
| s〉

(359)

With hypercharge rather than strangeness as the second quantum number, the
multiplets remain centered about the origin. The hypercharge is the sum of
baryon number and strangeness,

Y = B + S, (360)

while the electric charge is given by

Q = T3 +
Y

2
. (361)
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Figure 26: Graphical representations of the SU(3) antitriplet in the isospin-
hypercharge plane.

Thus, for the SU(3) quark triplet

S | u〉 = 0 Q | u〉 = 2
3
| u〉

S | d〉 = 0 Q | d〉 = −1
3
| d〉

S | s〉 = − | s〉 Q | s〉 = −1
3
| s〉

(362)

For antiquarks, the additive quantum numbers are reversed. Thus, e.g. for
an anti-u quark, ū, B = −1

3
, T3 = −1

2
, Y = −1

3
and Q = −2

3
and an s̄

quark has strangeness S = +1. The antiquarks therefore form an antitriplet,
3̄, illustrated in Fig. 26.

In SU(3) there are two fundamental representations, 3 and 3̄, while in SU(2)
there is only one, the doublet 2. Thus, in SU(2) both the quarks and the anti-
quarks are described by the same multiplet, the doublet. This is not possible
in SU(3) due to the hypercharge Y , which differentiates between quarks and
antiquarks.

Antitriplet states

We choose the basis states in the antitriplet space as

| ū〉 =

 1
0
0

 | d̄〉 =

 0
1
0

 | s̄〉 =

 0
0
1

 . (363)

Note that the antitriplet space of the antiquarks is to be distinguished from the
triplet space of the quark states, although formally the states are of the same

93



form. Now we define the generators in the 3̄ representation F̄i = 1
2
λ̄i. The fact

that the isospin and hypercharge of e.g. the u and ū states are reversed, while
they are represented by the same vectors (363), implies that λ̄3 = −λ3 and
λ̄8 = −λ8. Requiring that the 3̄ generators satisfy the SU(3) algebra fixes the
remaining λ matrices. One finds that

λ̄i = −(λi)
T = −λ?i . (364)

Thus, the real λ matrices change sign, while the imaginary ones remain un-
changed. Consequently, in the 3̄ representation

T3 =
1

2
λ̄3 = −1

2

 1 0 0
0 −1 0
0 0 0

 (365)

and

T± =
1

2
(λ̄1 ± iλ̄2), (366)

which implies that

T+ = −

 0 0 0
1 0 0
0 0 0

 T− = −

 0 1 0
0 0 0
0 0 0

 . (367)

It follows that the isospin operators yield

T3 | ū〉 = − | ū〉

T3 | d̄〉 =| d̄〉

T+ | ū〉 = − | d̄〉

T− | d̄〉 = − | ū〉.

(368)

Higher SU(3) mulitplets can be constructed from the fundamental ones. A
generic SU(3) multiplet is a hexagon in the T3−Y plane, as shown in Fig. 27.
The number of steps of the type p corresponds to the number of triplets that
makes up the multiplet, the number of steps of the type q to the number of
antitriplets. The multiplet shown in Fig. 27 corresponds to p = 2 and q = 1 and
is denoted by (2, 1). For p = 0 or q = 0, the hexagons degenerate to triangles,
like the fundamental representations (1, 0) (triplet) and (0, 1) (antitriplet).
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Figure 27: A generic SU(3) multiplet in the isospin-hypercharge plane.

In the (p, q) labeling scheme one has some useful formulas for the dimension
of the representation

d(p, q) = (p+ 1)(q + 1)(p+ q + 2)/2 (369)

and for the expectation value of the Casimir invariants in the corresponding
multiplet

C2(p, q) = (3p+ 3q + p2 + pq + q2)/3
C3(p, q) = (p− q)(2p+ q + 3)(2q + p+ 3)/8.

(370)

Thus, in the triplet and antitriplet

C2(1, 0) = C2(0, 1) =
4

3
. (371)

4.8 Mesons

We now construct the multiplets, that describe mesons. In the quark model,
mesons are made out of a quark and an antiquark. Thus, the corresponding
multiplets are obtained by combining a 3 and an 3̄. The baryon number of
a meson is 1/3 − 1/3 = 0. The total spin is ~J = ~L + ~S. Since S = 0, 1,
mesons have integer spin and are consequently bosons. We start with SU(2),
i.e. with only u- and d-quarks. We can construct a meson with charge Q = 1
by combining a u and an d̄:

Q | ud̄〉 = (
2

3
+

1

3
) | ud̄〉. (372)

The isospin projection is given by

T3 | ud̄〉 =
[
T3 | u〉

]
| d̄〉+ | u〉

[
T3 | d̄〉

]
=| ud̄〉 (373)
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Figure 28: Graphical construction of the tensor product of the fundamental
multiplets corresponding to a quark and an antiquark.

Thus, the state | ud̄〉 is a member the T = 1 multiplet. The other members
can be obtained using the ladder operators (358,366)

| T = 1, T3 = 1〉 = − | ud̄〉

| T = 1, T3 = 0〉 =
1√
2
| uū− dd̄〉 (374)

| T = 1, T3 = −1〉 =| dū〉.

We adopt the standard phase convention, with a minus sign for the T3 = 1
state. The T = 0 state is orthogonal to the T = 1, T3 = 0 state

| T = 0〉 =
1√
2
| uū+ dd̄〉 (375)

The T = 1 states are transformed into each other under SU(2) isospin trans-
formations, while the T = 0 isospin singlet state is invariant under these
transformations. The latter is called an isospin singlet.

Graphical construction of higher multiplets

Because T3 and Y are additive, the higher multiplets can be constructed graph-
ically. Consider a quark and an antiquark in the fundamental representation

Figure 29: Graphical illustration of the irreducible SU(2) representations.
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Figure 30: Graphical illustration of the irreducible SU(3) representations.

of SU(2). Both multiplets are shown graphically on the left in Fig. 28. By
adding the antiquark multiplet to the quark multiplet one obtains the reducible
quark-antiquark representation shown on the right in Fig. 28. The two T3 = 0
states, uū and dd̄ are rotated to states of good isospin (uū±dd̄)/

√
2, and thus

obtains the irreducible representation with T = 1 and T = 0, as illustrated in
Fig. 29. One writes the result of this construction

2⊗ 2 = 3⊕ 1 (376)

as already discussed in section 4.4.

In SU(3) we consider the tensor product 3 ⊗ 3̄. Since T3 and Y are both
additive, the tensor product can be evaluated using a generalization of the
graphical scheme to two dimensions. Thus, to each corner of the 3 representa-
tion (Fig. 25b) we add the 3̄ representation(Fig. 26), as illustrated in Fig. 30.

The central point T3 = Y = 0 is occupied by three states, uū, dd̄ and ss̄. In
analogy to the procedure adopted for SU(2), these are rotated into states of
good quantum numbers. These are

| singlet〉 = 1√
3
| uū+ dd̄+ ss̄〉,

| T = 1, T3 = 0〉 = 1√
2
| uū− dd̄〉,

| T = 0〉 = 1√
6
| uū+ dd̄− 2ss̄〉.

(377)
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The singlet state is the SU(3) invariant state, while the other two are isospin
eigenstates. The singlet state forms an irreducible multiplet as does the eight
remaining ones. Thus, the the tensor product 3⊗ 3̄ yields

3⊗ 3̄ = 8⊕ 1, (378)

an octet and a singlet. Note that 3 · 3 = 8 + 1.

A bound quantum mechanical system has a discrete spectrum. The excited
states of a qq̄ system, rotations and radial excitations, correspond to meson
resonances. There are states with higher angular momentum L and with nodes
in the radial wave function. Using symmetry arguments we can determine the
possible quantum numbers in the quark model, where mesons consists of a
quark and an antiquark (| M〉 =| qq̄〉), without solving the full bound-state
problem.

The total spin of two quarks is S = 0, 1. We denote the angular momentum
of the relative motion of the quark and the antiquark by L. As discussed in
context of the Dirac equation, quarks have positive intrinsic parity 17, while
the parity of antiquarks is negative

U(p) | q〉 =| q〉
U(p) | q̄〉 = − | q̄〉. (379)

In addison to intrinsic parity there is the parity of the spatial wave function.
A state of good angular momentum L, has parity (−1)L,

U(p) | L,M〉 = (−1)L | L,M〉. (380)

Including both contributions one finds for the parity of a qq̄ state(parity is
mulitplicative)

U(p) | qq̄〉 = −(−)L | qq̄〉 (381)

What about charge conjugation? A neutral | qq̄〉 state is an eigenstate of
charge conjugation

U(c) | uū± dd̄〉 =| ūu± d̄d〉 = − | uū± dd̄〉, (382)

where the minus sign in the last equality is due to the anticommutation of
fermions.

17This is a convention, since for fermions only the relative parity is observable.
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Figure 31: Exchange of position brings the quark and antiquark back into the
original position they had before the charge exchange transformation.

Table 1: Classification of mesons in the lowest mass SU(3) multiplets.
The states K1A and K1B are mixtures of the physical states K1(1270) and
K1(1400) (for more details see the web page of the Particle Data Group,
www.pdg.lbl.gov).

Multiplet L S JPC T = 1 T = 1
2

T = 0

Pseudoscalar 0 0 0+− π+π0π− K+K0K̄0K− ηη′

Vector 0 1 1−− ρ+ρ0ρ− K?
+K

?
0K̄

?
0K

?
− ωφ

Axial vector 1 0 1+− b1 K1B h1

Scalar 1 1 0++ a0 K?
0(1430) f0

Axial vector 1 1 1++ a1 K1A f1

Tensor 1 1 2++ a2 K?
2(1430) f2

The spin state is symmetric for S = 1 and antisymmetric for S = 0. Thus,
when the quark and antiquark exchange positions one obtains an additional
phase (−1)S+1 from spin.

Finally, in order to obtain an eigenstate, we must bring the quark and anti-
quark in the original position, as illustrated in Fig. 31. This yields a phase
factor (−1)L from the parity of the relative motion.

Collecting all phases, we obtain

U(c) | qq̄〉 = −(−)L+S+1 | qq̄〉 = (−)L+S | qq̄〉. (383)

The lowest lying states have L = 0, 1, . . .. In Table 1 the lowest SU(3) qq̄
multiplets are identified with mesons.

Consider the L = 0, S = 0 pseudoscalar nonet (octet + singlet, see Fig. 32)
in more detail. For mu = md = ms, η1 and η8, would be the physical states.
However, because the quark masses are not equal, (md/mu ' 2 and ms/mu '
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Figure 32: The pseudoscalar octet and singlet in the ideal case where all three
quarks are degenerate.

50) π0, η8 and η1 mix (they all have T3 = 0, Y = 0). We consider the effect of
the symmetry breaking part of the Hamiltonian

HSB = mu(| u〉〈u | + | ū〉〈ū |)
+ md(| d〉〈d | + | d̄〉〈d̄ |) (384)

+ ms(| s〉〈s | + | s̄〉〈s̄ |)

on the SU(3) singlet, T = 0 and T = 1, T3 = 0 states

η1 =
1√
3
| uū+ dd̄+ ss̄〉

η8 =
1√
6
| uū+ dd̄− 2ss̄〉 (385)

π0 =
1√
2
| uū− dd̄〉 (386)
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There are diagonal and off-diagonal matrix elements

〈π0 | HSB | π0〉 = mu +md

〈η1 | HSB | η1〉 = 2
3
(mu +md +ms)

〈η8 | HSB | η8〉 = 1
3
(mu +md + 4ms)

〈η8 | HSB | π0〉 = 1√
3
(mu −md)

〈η1 | HSB | π0〉 =
√

2
3
(mu −md)

〈η8 | HSB | η1〉 = 2
√

2
3

(mu+md
2
−ms).

(387)

The off-diagonal elements involving the π0 are small, because the light quark
masses mu and md are small. Thus, the mixing between π0 and the other states
is expected to be small. On the other hand, the mixing between η1 and η8 is
expected to be considerable, due to the larger strange quark mass, ms ' 100
MeV.

The physical states are

η = η8 cos θP − η1 sin θP
η′ = η8 sin θP + η1 cos θP .

(388)

Experimentally the mixing angle is θP ' −(10◦ − 20◦). The resulting masses
are mη = 547.75 MeV and mη′ = 957.78 MeV.

Consider now the L = 0 and S = 1 nonet, the vector meson nonet, shown in
Fig. 33. Here the flavor singlet, T = 0 and T = 1, T3 = 0 states are

ω1 =
1√
3
| uū+ dd̄+ ss̄〉

ω8 =
1√
6
| uū+ dd̄− 2ss̄〉 (389)

ρ0 =
1√
2
| uū− dd̄〉. (390)

Again these states mix, owing to the symmetry breaking quark masses. Thereby
the mixing affects mainly ω1 and ω8. The physical states are

φ = ω8 cos θV − ω1 sin θV
ω = ω8 sin θV + ω1 cos θV .

(391)
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Figure 33: The vector octet and singlet in the ideal case where all three quarks
are degenerate.

The empirical value of the mixing angle is θV ' 35◦. This is close to the so
called ideal mixing, where the φ meson is a pure ss̄ state and the ω meson
contains only uū and dd̄ components. The corresponding mixing angle is de-
termined by tan θV = 1/

√
2, which yields θV ' 35.3◦. The small deviation

from ideal mixing is observable in the decay modes of the φ meson.
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4.9 Young tableaux

For higher representations, the graphical construction becomes quite tedious;
a more efficient method is needed. A popular approach uses so called Young
tableaux to denote the representations. The decomposition of a tensor prod-
uct of two representations is straightforward and efficient. A Young tableau
consists of boxes. A row of boxes represents a symmetric state. For instance
in SU(2) the tableau

(392)

represents
1 1 1 2 2 2 (393)

or explicitly in terms of single-particle wavefunctions

ψ1(x1)ψ1(x2)

1√
2

(ψ1(x1)ψ2(x2) + ψ2(x1)ψ1(x2))

ψ2(x1)ψ2(x2).

(394)

A column on the other hand represents an antisymmetric state. Thus,

(395)

represents
1
2 (396)

or more explicitly

1√
2

(ψ1(x1)ψ2(x2)− ψ2(x1)ψ1(x2)) . (397)

The tableau corresponds to the fundamental representation, to the
triplet and

(398)

to the singlet representation. Tableaux with more than two boxes in a column
are not allowed in SU(2).
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Now consider a system of three spin-1
2

particles. The possible Young tableaux
are

. (399)

The tableau
(400)

corresponds to
1 1 1 1 1 2 1 2 2 2 2 2 , (401)

and

(402)

to
1 1
2

1 2
2 . (403)

The first one is the four dimensional completely symmetric spin-3
2

multiplet,
while the second one is the two dimensional spin-1

2
multiplet of mixed symme-

try. Note that the second Young tableau is an example for the fact that full
columns do not contribute to the dimension of the multiplet. Thus, (402) has
the same dimension as the fundamental representation. Furthermore, tableaux
where lower lying rows have more boxes than the higher lying ones, e.g.

(404)

are forbidden.

We now turn to SU(3). Again the simple box corresponds to the fun-
damental representation, the triplet 3. For two particles in the fundamental
representation we have the tableaux

⇔ 1 1 1 2 1 3 2 2 2 3 3 3 (405)

and

⇔ 1
2

1
3

2
3 . (406)

The first one is a six-dimensional representation, the SU(3) sextet 6, the second
one a three-dimensional one, the anti-triplet 3̄. For SU(N), a column with
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Figure 34: The classification of a Young tableaux in the (p, q) scheme.

N − 1 boxes, has D = N and represents the fundamental representation N̄ ,
i.e. that of antiquarks.

For a system consisting of three particles one has the following tableaux

. (407)

The classification in the (p, q) scheme can be directly read off from the Young
tableaux, as shown in Fig. 34. Consequently, we can immediately determine the
dimension of these tableaux using the formula (369). The symmetric multiplet
(3, 0) is 10-dimensional, the mixed-symmetry (1, 1) one is 8-dimensional and
the antisymmetric one (0, 0) is the SU(3) singlet.

Now we turn to the evaluation of tensor products using Young tableaux. Con-
sider first our standard system, two spins in SU(2). The corresponding tensor
product is

2⊗ 2 = 3⊕ 1. (408)

Using Young tableaux, this corresponds to

⊗ a = a ⊕
a
. (409)

The rule for constructing the final Young tableaux is to place the box of the
second multiplet (marked by an a) in all possible positions, i.e. in this case
to the right of and below the first box. One thus reproduces the tableaux in
(392) and (395).

Consider now the tensor product 3̄ ⊗ 3 = 8 ⊕ 1 in SU(3). In terms of Young
tableaux we find, again, placing the box of the second multiplet in all possible
positions

⊗ a = a ⊕

a

. (410)
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Figure 35: The path through a Young tableaux, where the number of ’b’-boxes
cannot be larger than the number of ’a’-boxes.

For cases with more than one box in the second multiplet, the procedure is a
bit more involved.

• The boxes in the top row are marked ’a’, those in the next ’b’ etc.

• First place the ’a’ boxes to form a new Young tableaux.

• Then place the ’b’ boxes, with the additional rule, that along the path
shown in Fig. 35 at any point, the number of ’a’ boxes should be greater
than or equal to the number of ’b’ boxes.

Consider as an example, the tensor product

3⊗ 3̄. (411)

In terms of Young tableaux one finds, following these rules

⊗ a
b

=

(
a ⊕

a

)
⊗ ×

b
=

a
b

⊕
a
b

,

(412)

where the box × is a place holder for a box that has already been used. Thus,
we recover the result

3⊗ 3̄ = 8⊕ 1. (413)

Exercise: Show, using Young tableaux that 3̄⊗ 3̄ = 6̄⊕ 3. To really appreciate
the power of Young tableaux, show that 8⊗ 8 = 27⊕ 10⊕ 10⊕ 8⊕ 8⊕ 1.
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4.10 3-quark states, baryons

The tree quarks that form a baryon can each be in three flavor states, u, d, s.
Thus, there are 33 = 27 possible qqq states. We start with the tensor product
of two triplets

⊗ = ⊕ . (414)

Thus, 3⊗3 = 6⊕ 3̄. The resulting multiplets are shown graphically in Fig. 36.

Now we add the third quark

3⊗ 3⊗ 3 = (6⊕ 3̄)⊗ 3 (415)

We thus need to compute 6⊕3 and 3̄⊗3. The second one we evaluated above.
For the first one we find

⊗ = ⊕ , (416)

i.e. 6⊗ 3 = 10⊕ 8. Collecting everything, we find

3⊗ 3⊗ 3 = 10⊕ 8S ⊕ 8A ⊕ 1. (417)

Thus, there are 10 + 8 + 8 + 1 = 27 states, as expected. The decuplet is
the completely symmetric, the singlet is completely antisymmetric, while the
octets are of mixed symmetry. The first octet, 8S, is symmetric and the sec-
ond one, 8A, is antisymmetric under exchange of the first two particles. The
decuplet and the symmetric octet are shown graphically in Fig. 37.

Figure 36: The two-quark irreducible multiplets 6 (left) and 3̄ (right).
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Figure 37: The three-quark decuplet 10 and symmetric octet 8S.

The corners of the decuplet are states, where all three quarks have the same
flavor, | uuu〉, | ddd〉 or | sss〉. The state | uuu〉 has electric charge 2, and
corresponds to the state ∆++ in the lowest decuplet. The state | ∆+〉 =
(1/
√

3) | uud+udu+duu〉 is obtained from | uuu〉 by using the ladder operator
for lowering the isospin projection T− defined in (358). Similarly, the state
(1/
√

3) | uus+usu+ suu〉, which in the lowest multiplet is identified with the
postively charged Σ∗, is obtained from the ∆++ by using the ladder operator
V− in (358).

The state marked by an A, located at T3 = 0 and Y = 0 is given by

| A〉 =
1√
3
| B1 +B2 +B3〉 (418)

where

| B1〉 =
1√
2
| uds+ dus〉

| B2〉 =
1√
2
| usd+ sud〉 (419)

| B3〉 =
1√
2
| dsu+ sdu〉

In the symmetric octet, the state labelled PS must be symmetric in the first
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Figure 38: Graphical representation of the antisymmetric three-quark octet
and the corresponding SU(3) singlet, 8A ⊕ 1.

two particles and orthogonal to the ∆+

| PS〉 =
1√
6
| (ud+ du)u− 2uud〉. (420)

Thus, 〈PS | ∆+〉 = 0. Similarly, the state | T = 1, T3 = 1〉 = (1/
√

6) |
(us+ su)u− 2uus〉 is orthogonal to the positively charged Σ∗.

The two states at the origin (T3 = Y = 0) of the symmetric octet are orthog-
onal to | A〉. The state

| T = 1, T3 = 0〉 =
1√
6
| B2 +B3 − 2B1〉 (421)

is a member of the T = 1 triplet, which includes the state discussed above
| T = 1, T3 = 1〉, while

| T = 0〉 =
1√
2
| B2 −B3〉 (422)

is the corresponding T = 0 state. Note the formal similarity to the members
of the meson octet (377), but with reversed roles of the T = 1, T3 = 0 and
T = 0 states.

The result of the tensor product 3̄⊗3 is shown graphically in Fig. 38. Here the
state| PA〉 = (1/

√
2) | (ud− du)u〉 is orthogonal to ∆+ and PS. Similarly, the

state | T = 1, T3 = 1〉 = (1/
√

2) | (su−us)u〉 is orthogonal to the T = 1, T3 = 1
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state in the 8S and the positively charged Σ∗ in the decuplet. As in the meson
case, there are three states at the origin of the T3 − Y plane

| C1〉 =
1√
2
| (ud− du)s〉

| C2〉 =
1√
2
| (su− us)d〉 (423)

| C3〉 =
1√
2
| (ds− sd)u〉.

The states of good isospin (T = 1, T3 = 0 and T = 0) and the SU(3) singlet
are linear combinations of C1, C2 and C3

| Q1〉 =
1√
2
| C2 − C3〉

| Q0〉 =
1√
6
| C2 + C3 − 2C1〉 (424)

| QS〉 =
1√
3
| C1 + C2 + C3〉.

Inserting the states Ci one finds for the T = 1 state

| Q1〉 =
1

2
| sud+ sdu− usd− dsu〉, (425)

for the T = 0 state

| Q0〉 =
1√
6
| sud− sdu− usd+ dsu− 2uds+ 2dus〉 (426)

and for the SU(3) singlet

| QS〉 =
1√
6
| uds− dus+ sud− usd+ dsu− sdu〉. (427)

The states Q1 and Q0 are members of the SU(3) octet, while QS is the SU(3)
singlet, and thus invariant under SU(3) transformations. The T = 0 state Q0

again is invariant under isospin rotations, which implies that e.g. T± | Q0〉 = 0.
We note that the three-quark SU(3) singlet state is totally antisymmetric
under the exchange of any pair of quarks.

Now consider the coupling of three spin 1
2

particles (see Eq. 332)

2⊗ 2⊗ 2 = 4⊕ 2⊕ 2. (428)
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The four-dimensional representation, corresponding to spin 3
2
, is completely

symmetric

χ
3/2
3/2 = |↑↑↑〉

χ
3/2
1/2 =

1√
3
|↑↑↓ + ↑↓↑ + ↓↑↑〉. (429)

The spin 1
2

representations have mixed symmetry, being symmetric and anti-
symmetric under exchange of the first two spins

χ
1/2
1/2(MS) =

1√
6
|↑↓↑ + ↓↑↑ −2 ↑↑↓〉

χ
1/2
1/2(MA) =

1√
2
|↑↓↑ − ↓↑↑〉. (430)

Now, in order to obtain states of definite symmetry, we must combine the
SU(3) flavour multiplets with the SU(2) spin multiplets. The combined states
are summarized in (SU(3), SU(2)) multiplets. The only combinations with
definite symmetry are

(10, 4) (431)

and
1√
2

((8, 2)S + (8, 2)A). (432)

These states are symmetric under the exchange of flavour and spin between
any pair of quarks. The proton, for example, is described by

| p,ms =
1

2
〉 =

1√
2
| PSχ

1/2
1/2(MS) + PAχ

1/2
1/2(MA)〉. (433)

Expressed in terms of single-quark states,the flavor-spin state of the proton is

| p,ms =
1

2
〉 =

1√
18
| 2u↑u↑d↓ + 2d↓u↑u↑ + 2u↑d↓u↑

− u↓d↑u↑ − u↑d↑u↓ − u↑u↓d↑ (434)

− u↓u↑d↑ − d↑u↓u↑ − d↑u↑u↓〉.

The proton state is symmetric under the simultaneos exchange of flavor and
spin of any pair of quarks, and can be written in the compact form

| p,ms =
1

2
〉 =

1√
18
εijk | (ui↑dj↓ − ui↓dj↑)uk↑〉, (435)
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Figure 39: The physical states of the lowest decuplet and octet multiplets.

where a sum over the repeated indices ijk from 1 to 3 is implied. The index
on a flavor-spin state of a single quark indicates the position (first, second or
third) in the product of three quark states.

A complete baryon states should, due to the Pauli principle, be antisymmetric
under exchange of any pair of quarks. This is achieved through the color state

| qqq〉colorsinglet =
1√
6
| RGB −GRB +BRG−RBG+GBR−BGR〉 (436)

Hence, the color quantum number is needed in order to satisfy the Pauli prin-
ciple. Moreover, the symmetry of the flavour-spin state leads to a coupling
between flavour and spin; the flavour decuplet states all have spin 3

2
, while the

flavour octet states all have spin 1
2
.

The physical states in the lowest multiplets are indicated in Fig. 39. At the
center of the octet multiplet there are two states, the Σ0 and the Λ. The mass
of the latter is 1116 MeV.

We have seen that the symmetry of hadron states plays an important role,
leading e.g. to the coupling between flavor and spin for the decuplet and octet
states. One may ask why we found no use for the flavor singlet state that
results from the tensor product of three SU(3) triplets. The reason is again
the overall symmetry of the possible three quark state. The flavor singlet state
is antisymmetric, as is the color singlet three-quark state. In the lowest-lying
state, all three quarks would be in an s-wave state, i.e. L = 0. The corre-
sponding spatial wave function would be symmetric. The only three-quark
spin state with good symmetry is the spin 3

2
state, which is also symmetric.

Consequently, the total state of the lowest three-quark flavor singlet (flavor
× color × space × spin) would be symmetric, and therefore violate the Pauli
principle for the spin 1

2
quarks. For excited states, the symmetry of the spatial
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part of the wave function can be antisymmetric or of mixed symmetry, thus
allowing flavor-singlet baryons in higher mass multiplets.

4.11 Hadron masses

In the previous section we have seen how hadrons can be classified according
to the irreducible representations of the SU(3) flavor symmetry. Now, if this
symmetry were exact, the states within each multiplet would be degenerate,
i.e., all hadrons within a multiplet would have the same mass. Since the masses
are not equal, SU(3) is broken. The typical mass difference within an SU(3)
multiplet is on the order of 100 MeV, while a typical hadron mass is 1 GeV
= 1000 MeV. Consequently, the violation of the SU(3) symmetry is a 10 %
effect:

∆M

M
∼ 100MeV

1000MeV
' 0.1. (437)

By comparison, the violation of the isospin symmetry is on the order of 1 %,
since the typical mass differences within the isospin multiplets are on the order
of 10 MeV:

∆M

M
∼ 10MeV

1000MeV
' 0.01. (438)

Thus, flavor SU(3) is not as good a symmetry as isospin. Nevertheless, flavor
SU(3) is, as we will see, a useful concept.

Now, the question arises what the nature of the breaking of flavor SU(3) is.
This can be traced back to different masses of the u, d and s quarks. The
small mass difference between the u and d quarks explains the small violation
of the isospin symmetry18, while the strange quark mass is much larger than
the u and d masses.

To describe the effect of the quark masses, we introduce the quark mass matrix

M =

 mu 0 0
0 md 0
0 0 ms

 . (439)

18We neglect here the electro-magnetic interaction, which also breaks isospin, but on a
lower level than the u− d mass difference.
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This is a 3× 3 matrix in flavor space, which is spanned by the basis vectors

| u〉 =

 1
0
0

 | d〉 =

 0
1
0

 | s〉 =

 0
0
1

 . (440)

We split quark mass matrix into an SU(3) invariant part, an isospin breaking
part and a residual term, which subsumes the SU(3) breaking

M =
mu +md +ms

3

 1 0 0
0 1 0
0 0 1



+
mu −md

2

 1 0 0
0 −1 0
0 0 0

 (441)

+
mu +md − 2ms

6

 1 0 0
0 1 0
0 0 −2

 .
As mentioned above, the isospin-breaking term is small (| mu −md |∼ MeV),
and can to lowest order be neglected. The symmetry-breaking term in (441)
is proportional to the Gell-Mann matrix λ8 (350)

1√
3

(
mu +md

2
−ms

)
λ8, (442)

and thus proportional to the hypercharge Y .

This is consistent with the observation that the mass splitting depends on
the hypercharge, but only weakly on the isospin. We thus as a first attempt
assume that the symmetry breaking of the underlying hamiltonian is of the
form

H = Hsym +HSB, (443)

where Hsym is invariant under SU(3) transformations,

eiθaFaHsyme
−iθaFa = Hsym, (444)

while the symmetry breaking term is proportional to the hypercharge, i.e.,

HSB ∼ F8. (445)
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The symmetry breaking term is said to be of the octet type.

Now consider the masses of the decuplet. Our assumption on the form of the
symmetry breaking term implies the the masses are given by

M = m10 + Y∆m. (446)

Using the hypercharge of the multiplet members given in Fig. 39, one finds
that

MΩ− −MΞ∗ = MΞ∗ −MΣ∗ = MΣ∗ −M∆. (447)

Empirically these mass differences are 142, 145 153 MeV, in rather good agree-
ment with the expectation.

However, this simple form of the symmetry breaking term does not work for
the baryon octet, since MΣ 6= MΛ. Further terms have to commute with T3 in
order to preserve the isospin degeneracy. Possible operators are

T 2 = T (T + 1), Y 2, C2 =
∑
i

F 2
i . (448)

We use the Ansatz

M = a+ bC2 + c Y + d
[
T (T + 1)− 1

4
Y 2
]
. (449)

The second term, which is proportional to the Casimir operator C2 (see Eq. (356)),
allows for different masses in the decuplet and octet, i.e., m10 6= m8, since

〈10 | C2 | 10〉 = 6, 〈8 | C2 | 8〉 = 3. (450)

The combination
[
T (T + 1)− 1

4
Y 2
]

in the last term is chosen, because in
the decuplet it acts effectively like α + β Y , and therefore does not ruin the
agreement of the simple Ansatz (446).

Using MN = 940 MeV, MΣ = 1193 MeV, M∆ = 1232 MeV and MΣ∗ = 1384
MeV as input, we can determine the unknown constants a, b, c and d and
predict the masses of Λ,Ξ,Ξ∗ and Ω−:

Baryon Mass[MeV] (449) Mass[MeV] (Exp.)
Λ 1126 1116
Ξ 1345 1315
Ξ∗ 1536 1530
Ω− 1688 1672

(451)
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Thus, the improved Ansatz reproduces the experimental masses with an error
of typically 30 MeV, i.e. ∼ 3%.

The Ansatz (449) can also be used to derive a relation between the octet
masses. In this multiplet one finds

MN = a+ 3b+ c+
1

2
d

MΣ = a+ 3b+ 2d (452)

MΛ = a+ 3b

MΞ = a+ 3b− c+
1

2
d

By eliminating the parameters a, b, c and d, one finds the Gell-Mann-Okubo
mass formula

MN +MΞ

2
=

3MΛ +MΣ

4
. (453)

Now, inserting the experimental masses, one finds for the left hand side 1127
MeV and for the right hand side 1135 MeV. The difference of 8 MeV corre-
sponds to a relative error of about 1 %. The excellent agreement shows that
the SU(3) flavor symmetry is a useful concept, in spite of the rather large
symmetry breaking.

Now we turn to meson masses. The discussion of baryon masses was essentially
non-relativistic, setting the momentum of the baryon ~k = 0. For mesons a non-
relativistic treatment is not justified because the pion mass is so small. The
relevant criterion will be discussed below.

Consider a hadron h with a very large momentum ~k. Its energy is given by

Eh(~k) =
√
~k2 +M2

h , (454)

where the hadron mass is given by M2
h = M̄2 + δM2

h . Here M̄ is the SU(3)
symmetric part of the mass, and δM2

h is the contribution of the symmetry-
breaking part of the hamiltonian to M2

h . For a sufficiently large momentum,
δM2

h is a small perturbation, and we can expand the square root

Eh(~k) ' Ēh(~k) +
δM2

h

2Ēh(~k)
, (455)

where Ēh(~k) =
√
~k2 + M̄2. Thus, the contribution of the symmetry-breaking

part of the hamiltonian to the energy of the particle is

∆Eh(~k) = 〈h,~k | HSB | h,~k〉 '
δM2

h

2Ēh(~k)
. (456)
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The Gell-Mann-Okubo mass formula is a relation between the matrix elements
of the symmetry-breaking part of the hamiltonian. Since the mass is a Lorentz
scalar, this relation should be valid in any Lorentz frame, in particular in one
where the particle has a large momentum. Equation (456) then implies that
it really is a relation involving the square of the masses, i.e.

M2
N +M2

Ξ

2
=

3M2
Λ +M2

Σ

4
. (457)

Note that the SU(3) symmetric part M̄2 cancels in (457), so that a relation
between the symmetry-breaking contributions to the mass δM2

h remains, as
implied by (456).

Now, if all the δM2
h are small compared to M̄2,

Mh =
√
M̄2 + δM2

h ' M̄ +
δM2

h

2M̄
. (458)

Thus, if the SU(3) symmetric mass M̄ is large compared to the symmetry-
breaking contributions, i.e. M̄2 >> δM2

h for any h in the multiplet, the
linear Gell-Mann-Okubo mass formula (453) also implies a relation between
the deviations of the squares of the masses. Consequently, in this case the
linear mass formula is equivalent to the quadratic one (457). This is the case
for baryons, where δM2

h ∼ 0.25 M̄2.

On the other hand, for the pseudoscalat meson octet, this cannot be the case,
since the pion mass is much smaller than the other masses, e.g. Mπ ' 140
MeV and Mρ ' 770 MeV. For mesons, there is an additional complication due
to mixing of the meson octet with the corresponding SU(3) singlet. The Gell-
Mann-Okubo mass formula applies to the “unmixed” state, i.e. to the η8 (see
Fig. 32). In the lowest baryon octet there is no mixing, since the corresponding
SU(3) singlet does not exist. Comparison with the baryon octet (Fig. 39) yields
The Gell-Mann-Okubo mass formula for the pseudoscalar octet

M2
K +M2

K̄

2
=

3M2
η8

+M2
π

4
. (459)

Using MK̄ = MK , one finds

M2
η8

=
4M2

K −M2
π

3
, (460)

which yields Mη8 = 570 MeV.
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The physical states

| η〉 = cos θP | η8〉 − sin θP | η1〉
| η′〉 = sin θP | η8〉+ cos θP | η1〉 (461)

are obtained by diagonalizing the mass matrix in the space spanned by the
octet and singlet η’s

M =

(
(M88)2 (M18)2

(M81)2 (M11)2

)
. (462)

The off-diagonal matrix elements are equal, M2
81 = M2

18. The masses of the
physical states are given by

M2
η = 〈η | M | η〉

M2
η′ = 〈η′ | M | η′〉. (463)

The mixing angle is determined by the requirement

〈η | M | η′〉 = 〈η′ | M | η〉 = 0. (464)

This condition yields

tan2 θP =
M2

88 −M2
η

M2
η′ −M2

88

, (465)

which using Mη = 548 MeV and Mη′ = 958 MeV implies θP ' ±10◦. The sign
of the mixing angle is determined to be negative using data on various decays.

Similarly one finds for the vector-meson octet

3M2
ω8

=
4M2

K∗ −M2
ρ

3
, (466)

which yields Mω8 = 929 MeV. Again the physical states are linear combinations
of the octet and singlet ω

| φ〉 = cos θV | ω8〉 − sin θV | ω1〉
| ω〉 = sin θV | ω8〉+ cos θV | ω1〉. (467)

The diagonalization of the mass matrix yields

tan2 θV =
M2

88 −M2
φ

M2
ω −M2

88

, (468)

which in turn using Mφ = 1020 MeV and Mω = 783 MeV implies θP ' 40◦.
Compare the discussion in section 4.8.
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Charm

In the early seventies there were theoretical ideas involving a fourth quark
flavour, which was needed for the theory of the weak interaction to be consis-
tent with experiment. The charm quark was indeed discovered in 1974 in two
experiments:

• at Stanford Linear Accelerator (SLAC) two very narrow resonances with
mass 3.1 and 3.7 GeV were found in the reaction e+e− → anything.
They were named ψ and ψ′.

• at Brookhaven National Laboratory (BNL) the reaction pBe→ e+e−+X
was studied at the same time. In the e+e− invariant mass spectrum one
found a narrow state at 3.1 GeV, which was named J .

The resonances, which nowadays are called J/ψ and ψ′, have the quantum
numbers JPC = 1−−, i.e., the same quantum numbers as the photon. Hence
they are vector mesons (L = 0, S = 1), and mix with the photon, which in
turn couples to the e+e−, µ+µ− channels. Therefore they were discovered in
e+e− annihilation (SLAC) and in reactions with an e+e− pair in the final state
(BNL). Later other resonances ψ′′, χ, ηc etc. were found.

The width of the J/ψ is unexpectedly small

ΓJ/ψ ' 93keV. (469)

The expected width in this mass range was 100 MeV or larger. Therefore
the energy steps in earlier experiments were too large, and this state was
overlooked.

How can one understand the fact that the width of the J/ψ is a factor 1000
smaller, or equivalently its lifetime is a factor 1000 longer than expected? First
one needs a new flavor, charm. The charm quark c has electric charge Q = 2/3,
zero isospin and strangeness, I = S = 0 and charm c = 1. One now has two
families of quarks (

u
d

) (
c
s

)
. (470)

A phenomenological interpretation of the small width goes as follows. First
assume that the J/ψ is a pure cc̄ state

| J/ψ〉 =| cc̄〉. (471)
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Figure 40: An OZI suppressed process.

Figure 41: An OZI allowed process.

The decay of the J/ψ is suppressed by the OZI (Okubo-Zweig-Iitsuka) rule.
This is an originally phenomenological rule, which can be interpreted in terms
of perturbative QCD. According to this rule, decays where the quark lines are
not connected (see Fig. 40) are suppressed, while processes of the type shown
in Fig. 41, where the quark lines are connected, are not suppressed.

Thus, processes where c quarks are annihilated and converted into light quarks
(u, d or s) are suppressed, while those where the c and c̄ quarks survive in the
final state are not suppressed. For the decay of the J/ψ this means that
the decay into e.g. ρ−π+ is OZI suppressed, while the decay into D+D− is
not19. However, the decay J/ψ → D+D− is not energetically possible, since
MD = 1.865 GeV, and thus 2MD = 3.73GeV > MJ/ψ,Mψ′ . Thus, the J/ψ
and ψ′ can decay only through OZI forbidden processes like

J/ψ → ρπ → πππ (472)

and electromagnetically through

J/ψ → e+e− oder µ+µ−. (473)

The latter reaction is illustrated in Fig. 42.

19The D− meson is a so called open charm meson, which in the quark model consists of
a d and an c̄ quark, while a D+ is a d̄c state.
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Figure 42: The electromagnetic decay of a J/ψ.

The electromagnetic decay is typical for neutral vector mesons. Since they
have the same quantum numbers as the photon (JPC = 1−−), they mix with
the photon, which then decays into a lepton-antilepton pair (also called a di-
lepton).

Some of the important partial widths of the J/ψ are

Γhadrons = 82 keV (474)

Γe+e− = 5.6 keV. (475)

The decay into hadrons is OZI suppressed, but still different from zero, since
the OZI rule is not absolute.

The phenomenological OZI rule can be understood on a qualitative level in
terms of perturbative QCD. The connection between the disconnected quark
lines in an OZI suppressed process is in QCD mediated by gluons. One and
two gluons in the intermediate state are forbidden, because one gluon can
not be a color singlet and two gluons have charge conjugation parity C = +,
while the J/ψ has C = −. Hence, there must be at least three gluons in
the intermediate state. Consequently, the amplitude is proportional to the
QCD coupling constant g to the sixth power, and the width is proportional
to g12. Due to the large mass of the J/ψ, the gluons are expected to be
in the perturbative regime, so that g is small and consequently the width is
suppressed.

We now turn to the width of the φ meson. Assuming ideal mixing

| φ〉 =| ss̄〉. (476)

Now, using the OZI rule, we then conclude that the decay of the φ into e.g.
π+π− is OZI suppressed, while the decay into K+K− is not. Since the kaon
mass is MK ' 494 MeV, and thus Mφ − 2MK ' 32 MeV, the φ meson can
decay into the K+K− channel, although the phase space for this decay is
rather small. Thus, because channels without strangeness are OZI suppressed
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and channels with strangeness are suppressed due to the small phase space,
one expects for ideal mixing a small width of the φ meson.

Empirically the total width of the φ is Γφ = 4 MeV, which is indeed small
compared to that of e.g. the ρ meson, Γρ ' 150 MeV. The branching ratios
for the most important decay channels are

φ → K+K− 49%

→ K0K̄
0 34% (477)

→ π+π−π0 15%.

So the total width is small, in agreement with expectation, but the OZI sup-
pressed channel is not suppressed by a factor ∼ 1000, as for J/ψ. The conclu-
sion is that the φ meson is not a pure ss̄ state, but has an admixture of u and
d quarks

| φ〉 = α | ss̄〉+
β√
2
| uū+ dd̄〉. (478)

The decay of the u and d quark component of the φ into three pions is not OZI
suppressed. Hence, the partial width of φ → 3π is proportional to β2, and is
small because the adixture of u and d quarks in the φ is small. When there is
a small uū + dd̄ component in the φ, there is a small ss̄ component in the ω
(cf. (391)

| ω〉 = −β | ss̄〉+
α√
2
| uū+ dd̄〉. (479)

One could then expect that the ω can decay into a final state with strangeness.
However, this decay channel is closed, because Mω < 2MK . The ω meson
decays almost exclusively (89 %) into three pions.
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Digression on resonances and resonance decays

In this brief diversion we address the question what a resonance is and present
a generic calculation of a width of a resonance. Consider a system in a box
The system consists of one heavy particle, B with a large mass (M → ∞).
This particle has two internal states N,∆, with energies

EN = M E∆ = MN + ∆E. (480)

The kinetic energies of these particles ∼ p2/2M are small and will be neglected.
There is one light particle in the system, π, with energy

Eπ
k =

√
(
k π

L
)2 +m2

π, (481)

where L is the length of the box. There is an interaction,

Hint ∼ ψ†∆ψNπ + ψ†Nψ∆π
†. (482)

As illustrated in Fig. 43, the interaction describes the excitation N → ∆
induced by the absorption of a π, and the de-excitation ∆→ N accompanied
by the emission of a π.

The eigenstates of the bare hamiltonian H0 are

H0 | π, k〉 = Eπ
k | π, k〉 k = 1, . . . , N (483)

and

H0 | N〉 = M | N〉
H0 | ∆〉 = (M + ∆E) | ∆〉. (484)

Figure 43: The interaction terms that describe the excitation and de-excitation
of the ∆ state.
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E-M

Figure 44: The unperturbed π spectrum (top) and N spectrum (bottom).

The spectrum of H0 is illustrated in Fig. 44. Due to the periodic boundary
conditions, the π spectrum is discrete. We consider the N lowest lying π states
as well as the ∆, altogether N + 1 states. The height of each line equals unity;
the lines represent normalized, orthogonal states, i.e., | 〈π, k | π, k′〉 |2= δkk′
etc..

Owing to the form of the hamiltonian, a state with one N and one π couples
to the ∆, which in turn can decay into an N and a π.20 We can therefore
diagonalize the hamiltonian in the sector (N, π) ↔ (∆). The diagonalization
yields the eigenstates

H | n〉 = En | n〉 n = 1, . . . , N + 1. (485)

Since the number of states is not changed by the diagonalization, we obtain
N + 1 eigenstates.

The eigenstates of the hamiltonian are linear combinations of the unperturbed

20The final state can have a different momentum quantum number of the π compared to
the initial state. The momentum of the π is compensated by that of the N , so that the total
momentum is conserved. However, the momentum of the N does not show up anywhere,
since we neglect its recoil energy (M →∞).
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Figure 45: The spectrum after diagonalization, with the probability for finding
a bare ∆ in each eigenstate.

states

| n〉 = C n
∆ | ∆〉+

N∑
k=1

C n
k | π, k;N〉, (486)

where the coefficients are given by the overlaps

C n
∆ = 〈∆ | n〉 C n

k = 〈π, k;N | n〉. (487)

These coefficients are probability amplitudes; the probability for finding the
bare state ∆ in an eigenstate n is given by | C n

∆ |2. Typically this probability
is peaked at some energy close to that of the bare state ∆, as shown in Fig. 45.
The total ∆ strength in the interacting system is equal to that of the non-
interacting system, i.e.,

∑N+1
n=1 | C n

∆ |2= 1.

We can invert the expansion and express the bare ∆ as a linear combination
of eigenstates

| ∆〉 =
N+1∑
k=1

(C n
∆)∗ | n〉. (488)

Now, consider time dependent states. The time dependence of of the eigen-
states is particularly simple. The solution of the time dependent Schrödinger
equation

i
d

dt
| n, t〉 = H | n, t〉 (489)

is
| n, t〉 = e−iEnt | n〉. (490)
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Figure 46: The full-width-half-maximum of a resonance is given by the distri-
bution of ∆ strength.

The time dependence of a ∆ state is obtained by means of the expansion in
eigenstates (488)

| ∆, t〉 = e−iHt
N+1∑
n=1

(C n
∆)∗ | n〉 =

N+1∑
n=1

(C n
∆)∗e−iEnt | n〉. (491)

The phase of each eigenmode evolves with the corresponding energy eigenvalue.
The sum remains coherent for short times, as long as all phases are small, but
becomes incoherent for large t. The characteristic time, where incoherence sets
in is determined by the energy scale of the eigenenergies over which signifiant
∆ strength is distributed, as shown in Fig. 46.

Thus, a resonance is a linear combination of eigenstates of the Hamiltonian,
that have large overlap with an unperturbed state (∆) and are-close in energy.

The spectral function or spectral density is defined by

ρ(E) =
∑
n

| C n
∆ |2 δ(E − En). (492)

Figure 47: The spectral function in the continuum limit.
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In the continuum limit (L→∞), the energy eigenvalues come closer together
and form a continuum, as shown in Fig. 47. In this limit, the sum over eigen-
states is replaced by an integral over momentum.

Computing the width

We now discuss a generic perturbative calculation of the width of a particle in
the continuum case. Consider a resonance C that can decay into the particles
A and B, i.e., C → A + B. The decay is due to an interaction term in the
Hamiltonian

Hint = −g
∫
d4xφc(x)φA(x)φB(x). (493)

The initial state is described by

φC(x) =
1√

2ECV
e−ipCx, (494)

and the particles in the final state by

φA(x) =
1√

2EAV
eipAx φB(x) =

1√
2EBV

eipBx, (495)

where

EC =
√
~p 2
C +M2

C , EA =
√
~p 2
A +M2

A, EB =
√
~p 2
B +M2

B. (496)

The relevant S-matrix element is to lowest order in the coupling constant

Sfi = −ig
∫
φA(x)φB(x)φC(x) d4x

=
−ig
V 3/2

1√
8EAEBEC

(2π)4δ(4)(pC − pA − pB). (497)

The transition probability per particle is given by (cf. Eq. 178)

P = | Sfi |2
V d3pA
(2π)3

V d3pB
(2π)3

=
g2

V 3

V 2

2EC

d3pA
(2π)3 2EA

d3pB
(2π)3 2EB

[
(2π)4δ(4)(pC − pA − pB)

]2
. (498)

In analogy to the replacement of the treatment of the square of the energy

δ-function following Eq. 178, we make the replacement
[
(2π)4δ(4)(∆p)

]2
→

127



V T (2π)4δ(4)(∆p). Then the decay rate, which is the transition probability per
particle per unit time is given by

Γ =
P

T
=
g2

8

1

4π2

1

EC

∫ d3pA
EA

d3pB
EB

δ(4)(pC − pA − pB)︸ ︷︷ ︸
=I(MC)

. (499)

The integral I(MC) is Lorentz invariant21. In the expression for Γ, only the
factor 1/EC is not Lorentz invariant; it accounts for the Lorentz time dilata-
tion, which increases the life time with increasing velocity. For the width of a
particle in its rest frame, set EC = MC .

The invariant integral I(MC) is best evaluated in the rest frame of the particle
C

I(MC) =
∫ d3pA

EA

d3pB
EB

δ(MC − EA − EB)δ(3)(~pA + ~pB). (500)

In this frame the momenta in the final state are equal and opposite, i.e.,
~pB = −~pA. One finds

I(MC) = 4π
pA
MC

, (501)

where pA is the momentum of A in the rest frame of C and is determined by

p2
A =

(M2
C −M2

A −M2
B)2 − 4M2

AM
2
B

4M2
C

=
1

4M2
C

λ(M2
C ,M

2
A,M

2
B). (502)

The Källén function

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz (503)

describes the available phase space in two-body decays.

Collecting everything, we find the width in a general frame22

Γ =
g2

8π

pA
ECMC

(504)

and in the C rest frame

Γ =
g2

8π

pA
M2

C

. (505)

21The combination d3p/E is a Lorentzinvariant.
22Note that for the type of coupling we have assumed, the coupling constant is dimen-

sionful. The width has the unit of energy.
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In the symmetric case, where MA = MB = M ,

p2
A =

1

4
(M2

C − 4M2). (506)

For MC = MA + MB the phase-space factor pA and consequently the width
vanishes. Moreover, when MC−MA−MB is small, the width is small because
the phase-space factor pA is small. This is the case e.g. for the decay φ →
K+K−.

In the above calculation we assumed that the matrix element for C → A+ B
is momentum independent. This implies that the A − B system in the final
state is in a relative s-wave (L = 0). For a higher angular momentum, one
obtains a higher power of pA in the width, Γ ∼ p2L+1

A . For instance, the decay
of the ∆ resonance into a nucleon and a pion, ∆→ πN , the final state is in a
p-wave, L = 1. The corresponding width is

Γ∆ ∼
p3
π

M2
∆

(507)

Why is the pion-nucleon interaction predominantly p-wave? This can be un-
derstood in terms of the parity quantum number, which is respected by the
strong interaction. The ∆ and the nucleon both have positive parity, while
the parity of the pion is negative. Furthermore, the spin of the ∆ is J∆ = 3/2,
that of the nucleon is JN = 1/2 while that of the pion is Jπ = 0. We thus need
the negative parity from L = 1 to satisfy the conservation of parity

P∆ = PN Pπ PL=1. (508)

Any other odd value of L would also do the job for parity, but would not give
the right spin.
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5 Deep inelastic scattering

We are now able to compute elementary processes, i. e., interactions between
fundamental particles, e−, γ, q, g etc. using quantum field theory.

In deep inelastic scattering (DIS) one uses these results to describe the inter-
actions of hadrons in terms of elementary processes. Here one needs the so
called structure functions, that parametrize the structure of hadrons in terms
of quarks and gluons.

As a rough analogy, consider electron-atom scattering The incoming electron
interacts with an electron in the atom. In order to compute the cross section
for this process we need the wave functions of the bound electrons.

One thus probes the electron structure of the atom in such a process. In DIS
one probes the quark and gluon structure of hadrons.

5.1 Inelastic e− p scattering

We will consider inelastic scattering of electrons off protons, where only the
electron in the final state is detected. This is described by a so called inclusive
cross section. One does not detect what happens to the remnants of the proton.
This process is therefore denoted as

e p→ eX, (509)

where X stands for the not measured particles. In an exclusive process, the
final state is completely determined.

Figure 48: Deep inelastic scattering. The invariant mass of the hadrons in the
final state is W .
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Figure 49: Generic cross section for scattering of a composite object. The
energy of the scattered particle in the final state is E ′, while q2 is the square
of the four-momentum transfer.

Elastic scattering (e p → e p) yields information on the charge distribution of
the proton (in momentum space this is the charge form factor). In order to
obtain information on the constituents, it is necessary to destroy the proton
(inelastic scattering)

The elastic cross section at a given energy depends on one variable, e.g. the
scattering angle, or equivalently the momentum transfer q2 = (p′e − pe)2. The
inelastic scattering cross section depends on two variables, which can be taken
as q2 and E ′, the energy of the outgoing electron.

In Fig. 49 a generic cross section for scattering off a composite object is shown.
A long-wavelength probe, which has poor resolution interacts with the whole
object, and leaves it intact with a certain probability. This is elastic scatter-
ing and gives rise to the elastic peak in the double-differential cross section
dσ/dq2dE ′. A probe with shorter wavelength, higher resolution, “sees” the
constituents and interacts with one constituent with some probability. “Elas-
tic” scattering off a consituent gives rise to the so call quasi-elastic peak. This
is broadened due to the zero-point motion of the constituents, which are bound
inside the composite object23.

Since the electromagnetic interaction is relatively weak, it is not unreasonable
to assume that the interaction between the electron and the proton is domi-
nated by the one-photon-exchange amplitude, shown in Fig. 50. This leads to
a factorization of the cross section.

23According to the Heisenberg uncertainty relation ∆p ∼ 1/∆x.
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q

Figure 50: The one-photon-exchange ep → eX DIS amplitude. This figure
also defines the kinematics used in the text.

For instance, for eµ→ eµ we have (cf. (236,238,239))

M∼ j(e)
µ

gµν

q2
j(µ)
ν , (510)

which implies
dσ ∼ L(e)

µν g
µαgνβL

(µ)
αβ . (511)

The electron tensor is given by (cf. (257,260))

L(e)
µν =

1

2

∑
spins

ūγµuūγνu

=
1

2m2
e

(
kµk

′
ν + k′µkν +

q2

2
gµν

)
, (512)

with an analogous expression for the muon tensor. The momentum of the
incoming and outgoing electron is k = (E,~k) and k = (E ′, ~k ′), respectively,
while the momentum of the photon is q = k − k′.

Now, we turn to ep→ eX. The amplitude is of the form

M∼ j(e)
µ

gµν

q2
j(p→X)
ν . (513)

Thus, we have reduced the problem to the determination of the transition
current j(p→X)

ν . Since this is not possible, we take a slightly different route. In
the one-photon-exchange approximation the DIS cross section is of the form

dσep→eX ∼ L(e)
µνW

µν , (514)
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Figure 51: The coupling of the transition current to the photon. The tensor
W µν can be constructed from the momenta of the photon qµ and the proton
pµ, in addition to the metric tensor gµν .

where W µν is an unknown tensor, which is to be determined from experiment.

How can one parametrize W µν? As guiding principles we use Lorentz invari-
ance and current conservation. The Lorentz vectors and tensor pµ, qµ, gµν can
be used to construct W µν (see Fig. 51).

The most general form consistent with Lorentz invariance and current conser-
vation is

W µν = W1

(
−gµν +

qµqν

q2

)

+
W2

M2

(
pµ − q · p

q2
qµ
)(

pν − q · p
q2

qν
)
, (515)

where M is the nucleon mass. Since the net electric charge of the proton is
found also in the final state X, the transition current is conserved, ∂µj(p→X)

µ =0,
and the tensor W µν should satisfy the current conservation conditions

qµW
µν = W µνqν = 0. (516)

The functions W1 and W2 are functions of Lorentz scalars. There are two
independent quantities, q2 and E ′. Since the latter is not a Lorentz scalar, we
choose instead q2 and ν = q ·p/M . In the laboratory frame, where pµ = (M,~0),

ν =
(k − k′) · p

M
= E − E ′. (517)

Hence, the invariant kinematic variable ν is equal to the energy transfer in the
laboratory frame.
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Now we need to evaluate the product L(e)
µνW

µν . We do this in the limit of
ultra-relativistic electrons, i.e., where the electron mass can be neglected, since
E,E ′ >> me. In this case q2 = −2k · k′. Using

L(e)
µν

(
−gµν +

qµqν

q2

)
=

1

m2
e

k · k′ (518)

and

L(e)
µν

(
pµ − q · p

q2
qµ
)(

pν − q · p
q2

qν
)

=
1

2m2
e

(
2k · p k′ · p− p2(k · k′)

)
. (519)

Thus, setting p2 = M2 one finds

L(e)
µνW

µν =
1

m2
e

[
W1(k · k′) +

W2

2M2
(2k · p k′ · p−M2(k · k′))

]
. (520)

Evaluating the scalar products

k · k′ = EE ′ − ~k · ~k′ = EE ′(1− cos θ) = 2EE ′ sin2(θ/2) (521)

and
2k · p k′ · p−M2(k · k′) = 2M2EE ′ cos2(θ/2) (522)

yields

L(e)
µνW

µν =
EE ′

m2
e

[
W2(ν, q2) cos2(θ/2) + 2W1(ν, q2) sin2(θ/2)

]
, (523)

where θ is the electron scattering angle The first term corresponds to no spin
flip and the second one to spin flip (cf. (272)).

The spin-averaged cross section is

dσ̄ =
me

E

[
e4

q4
L(e)
µν W

µν

]
me

E ′
2π

d3k′

(2π)3
. (524)

The factor 2π is a convention, which depends on the normalization of W1 and
W2. The square of the momentum transfer can be expressed in terms of the
electron energies and the scattering angle θ

q2 = (k − k′)2 = −4EE ′ sin2(θ/2)

q4 = 16E2E ′ 2 sin4(θ/2) (525)
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Collecting everything we find

dσ̄

dE ′dΩ′
=

α2

4E2 sin4(θ/2)

[
W2(ν, q2) cos2(θ/2) + 2W1(ν, q2) sin2(θ/2)

]
, (526)

where dΩ′ = sin θdθdφ. We compare with the differential cross section for
eµ→ eµ scattering (272)

dσ̄

dΩ′
=

α2

4E2 sin4(θ/2)

E ′

E

(
cos2(θ/2)− q2

2M2
sin2(θ/2)

)
, (527)

where M = mµ.

Energy conservation implies

E +M = E ′ +
√
~q 2 +M2. (528)

By squaring and manipulating this equation, one finds

E − E ′ = − q2

2M
. (529)

On the other hand, (525) implies that

∂q2

∂E ′
=
q2

E ′
. (530)

It follows that ∫
δ(E − E ′ + q2

2M
) dE ′ =

1

1− q2

2ME′

=
E ′

E
, (531)

and thus

dσ̄

dΩdE ′
=

α2

4E2 sin4(θ/2)

(
cos2(θ/2)− q2

2M2
sin2(θ/2)

)
δ(ν +

q2

2M
). (532)

Consequently, for point-like particles, i.e., particles with no inner structure

W2 = δ(ν +
q2

2M
), W1 = − q2

4M2
δ(ν +

q2

2M
). (533)

We now return to deep inelastic scattering. Assuming azimuthal symmetry,
cos θ and E ′ are the only variables of W1 and W2. We change to more common
variables

Q2 = −q2 = 2EE ′(1− cos θ)

ν = E − E ′, (534)
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which implies

d cos θ dE ′ =
1

EE ′
dQ2 dν, (535)

and

dσ̄

dQ2dν
=

πα2

4E2 sin4(θ/2)

1

EE ′

[
W2 cos2(θ/2) + 2W2 sin2(θ/2)

]
, (536)

Another common choice of variables is

x =
Q2

2Mν
y =

ν

E
, (537)

which implies
dQ2 dν = 2ME2 y dx dy. (538)

Given the one-photon-exchange approximation, the DIS cross section is com-
pletely general. The physics is in the functions W1 and W2.

One might expect that W1 and W2, are complicated functions of Q2 and ν , due
to the complexity of the inelastic process. However, in the DIS region, large
Q2 and ν, W1 and W2 exhibit approximate Bjorken scaling, i. e., they depend
only on Q2/ν, not on Q2 and ν separately. Bjorken scaling is a consequence
of the pointlike structure of the partons (quarks and gluons).

5.2 Partons and Bjorken scaling

The character of the ep cross section changes with the resolution of the ex-
changed photon. For small Q2, the photon “sees” only the size of the proton
charge distribution, and does not resolve its internal structure. On the other
hand, for large Q2, the photon resolves the quarks inside the proton. For this
to happen, the photon wave length should be much smaller than the proton
radius, i.e.,

λ ' 1√
Q2

<< Rp ' 1fm. (539)

Since the quarks are point like, and have a small mass, the dependence of the
cross section on Q2 must change character. For small Q2 one expects elastic
or inelastic scattering off a heavy extended object and for large Q2 elastic
scattering off light, point like objects, which are dubbed partons.
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Figure 52: Deep inelastic scattering in the naive parton model.

The basic assumption of the naive parton model is that (see Fig. 52)

Inelastic scattering off a proton at large Q2 is equivalent to elastic scattering
off free quarks in the proton.

The contribution to the structure functions from scattering off a point like
fermion of mass mi and charge ei (ei = 2/3,−1/3) are (cf. eµ scattering)

W i
1 = e2

i

Q2

4m2
i

δ

(
ν − Q2

2mi

)
,

W i
2 = e2

i δ

(
ν − Q2

2mi

)
. (540)

Using the properties of the δ-function, one defines dimensionless structure
functions

2miW1(ν,Q2) = e2
i

Q2

2miν
δ

(
1− Q2

2miν

)
,

ν W1(ν,Q2) = e2
i δ

(
1− Q2

2miν

)
. (541)

Thus, for elastic scattering off a point-like fermion, 2miW1 and ν W2 depend
only on the dimensionless combination

Q2

2miν
. (542)

For scattering off an extended object, its size R provides an additional mo-
mentum scale ∼ 1/R. Thus, one can build dimensionless functions out of two
dimensionless combinations

Q2R2 and
Q2

2miν
. (543)
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9.2 BJORKEN SCALING AND THE PARTON MODEL
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Figure 53: The left panel shows the structure function for various values of Q2

as a function of x, while in the right panel the structure function is shown as
a function of Q2 for x = 0.25.

Clearly, for point like particles, only the latter is available, since R = 0.

One thus expects the following behavior:

• Small Q2: Scattering off the whole proton. The structure functions de-
pend on both Q2 and Q2

2miν
.

• Large Q2: Scattering off quarks. The structure functions depend only on
Q2

2miν
.

Following these ideas, one defines the structure functions for DIS in the limit
of large Q2

MW1(ν,Q2) −→ F1(x)

ν W2(ν,Q2) −→ F2(x), (544)

where M is now the nucleon mass and

x =
Q2

2Mν
(545)

is called Bjorken x. The fact that the structure functions, for a given x, are
independent ofQ2 implies that the electron scatters of point like “free” partons.
This is Bjorken scaling.
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Figure 54: A photon is absorbed by a quark with momentum fraction ξ.

Bjorken scaling is best discussed in the so called infinite momentum frame,
i.e., the frame where the proton momentum | ~p |→ ∞. Each parton carries a
fraction ξ of the total proton momentum (no backward moving partons).

kLi = ξi p 0 ≤ ξi ≤ 1

p =
∑
i

kLi kLi > 0. (546)

In this frame the transverse momenta kTi and masses mi and M , can be ne-
glected.

kTi
kLi
' 0,

mi

kLi
' 0,

M

p
' 0. (547)

This implies that k0
i = kLi and p0 =| ~p | and

kµi = ξi p
µ (548)

Consider the absorption of a photon with momentum qµ on a parton with
momentum ξ pµ. After the absorption the quark carries the momentum ξp+q.
Because the quark masses can be neglected,

(ξp+ q)2 = q2 + 2 ξ q · p+ ξ2 p2 = 0. (549)

Furthermore, since in the infinite momentum frame also the nucleon mass can
be neglected, we set p2 = 0, which implies

ξ = − q2

2 q · p
=

Q2

2 q · p
=

Q2

2 ν M
= x. (550)

Thus, in a reaction, with a momentum transfer Q2 and energy transfer ν,
the photon couples only to partons carrying the momentum fraction x in the
infinite momentum frame. Since

x =
Q2

2 q · p
(551)
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Figure 55: Schematic dependence of the elastic and inelastic cross sections.

is equal to the momentum fraction ξ, x is limited to the range 0 ≤ x ≤ 1.
For elastic scattering x = 1; the photon is in this case absorbed by the whole
proton, which of course carries the momentum fraction ξ = 1.

As illustrated in Fig. 55, inelastic scattering in general dominates at large Q2,
since the probability for scattering off the whole proton becomes increasingly
unlikely as Q2 grows. A short wave-length photon couples to the constituents
independently and not coherently, as in elastic scattering.

Define the momentum distribution of parton i:

fi(x). (552)

This is a probability density; fi(x) dx is the probability that parton i carries a
momentum fraction between x and x+ dx. Because momentum is conserved,
the momentum distributions satisfy the normalization condition

∑
i

∫ 1

0
dx x fi(x) = 1. (553)

The contribution to the structure function W1 from parton i is

W i
1 = e2

i

Q2

4m2
i

δ

(
ν − Q2

2mi

)
. (554)

We replace the parton mass using the identity mi = q · k/ν, where k is the
parton momentum and ν = E − E ′ is the energy transfer in the lab frame:
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MW i
1 = e2

i

Q2ν

2q · k
Mν

2q · k
δ

(
ν − Q2

2q · k
ν

)

= e2
i

Q2ν

2q · p x
Mν

2q · p x
1

ν
δ

(
1− Q2

2q · px
ν

)
(555)

=
e2
i

2
δ

(
x− Q2

2q · p
ν

)

where in the last line we used the definition of x and that Mν = q ·p. Similarly
we find

νW i
2 = e2

i δ

(
1− Q2

2q · px

)
= e2

i x δ

(
x− Q2

2q · p

)
. (556)

By summing over all partons, weighted with the probability to find a parton at
momentum fraction x (assuming implicitly that the contribution of different
patrons can be added incoherently) we obtain

νW2(ν,Q2) =
∑
i

∫ 1

0
dx fi(x) e2

i x δ

(
x− Q2

2Mν

)
.

=
∑
i

e2
i

Q2

2Mν
fi(

Q2

2Mν
) ≡ F2(x) (557)

and

MW1(ν,Q2) =
∑
i

e2
i

1

2
fi(

Q2

2Mν
) ≡ F1(x), (558)

where x = Q2

2Mν
. A comparison of the expressions for the structure functions

F1 and F2 immediately yields the Callan-Gross relation

2xF1(x) = F2(x), (559)

which is satisfied for scattering off spin-1
2

particles. For spin-0 partons a spin
flip would not be possible, so one would find that F1 = 0.

The data shown in Fig. 56 is clearly consistent with the Callan-Cross rela-
tion. Small deviations from the Callan-Gross relation are expected due to
non-colinearity (kTi 6= 0) and interaction effects. Thus, one concludes that the
photon is absorbed by spin-1

2
partons.

Why can one treat the partons as approximately non-interacting? Due to
the short wavelengths of the photon (λ ∼ 1/

√
Q2), it probes a small volume.
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7.6 Quark-Parton-Modell 117

2;: I I I .

10 f---n-r~+frtt-h~1/2

0.5

Spina

0.5

x=O2/2Mv

Abb. 7.6. ExperimentellePrüfungder Callan-Gross-RelationF2(X)= 2xF1(x).

0

Figure 56: The data relevant for the Callan-Gross relation.

If it ”sees” two quarks, they must be close together, i.e., at high relative
momentum. Due to the asymptotic freedom of QCD, the interaction between
them is weak and they are to a good approximation non-interacting.

142



5.3 Quark structure functions

One identifies the partons of the proton with quarks and gluons. In the naive
guark model, the proton consists of three non-interacting quarks. However,
this is at best approximate. The quarks interact through the exchange of
gluons. These interactions lead to the binding of the guarks in the proton
(confinement). Thus, there are processes like the ones shown in Fig. 57. These
lead to a more complex picture of the proton

| p〉 = α1 | qqq〉+ α2 | qqqg〉+ α3 | qqqqq̄〉+ . . . (560)

The gluons and the quark-antiquark pairs carry zero net electric charge. This
implies that the total change equals the charge of the three original (valence)
quarks. The quark-antiquark pairs are called sea-quarkes (excited out of the
Dirac sea). Thus, the partons in the proton are valence quarks, sea quarks and
gluons. Only charged partons contribute to e-p scattering,

1

x
F

(ep)
2 (x) =

∑
i

(ei)
2 fi(x), (561)

where Fi is the structure function of parton ”i”.

For ep scattering one thus finds

1

x
F

(ep)
2 (x) =

(
2

3

)2

[up(x) + ū p(x)]

+
(

1

3

)2 [
dp(x) + d̄ p(x)

]
(562)

+
(

1

3

)2

[sp(x) + s̄ p(x)] + . . . ,

where up is the probability distribution of u quarks in the proton, ū that of
anti-u-quarks etc.. The probability for finding a c or c̄ in the proton is assumed
to be negligibly small. Thus, there are 6 unknown structure functions.

Figure 57: The proton in the naive quark model (left). Higher Fock states
enter through interactions.
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More constraints can be obtained by considering deep inelastic scattering on
the deuteron. By subtracting the known ep cross section, one finds the en
cross section and the corresponding structure functions

1

x
F

(en)
2 (x) =

(
2

3

)2

[un(x) + ūn(x)]

+
(

1

3

)2 [
dn(x) + d̄n(x)

]
(563)

+
(

1

3

)2

[sn(x) + s̄n(x)] ,

Now, we use the fact that the proton and neutron are members of the SU(2)
isospin doublet,

| p〉 = | uud〉+ . . .

| n〉 = | ddu〉+ . . . (564)

i.e., we obtain the neutron by interchanging the u and d quarks and the ū and
d̄ antiquarks in the proton. Hence, we expect that the d quark distribution in
the neutron is identical to the u quark distribution in the proton etc. Form
now on we use this identity, and drop the superscipts on the proton quark
structure functions:

up = dn ≡ u ū p = d̄n ≡ ū

dp = un ≡ d d̄ p = ūn ≡ d̄ (565)

sp = sn ≡ s s̄ p = s̄n ≡ s̄.

The quantum numbers of the proton are determined by the valence quarks. It
therefore makes sense to separate the valence quarks from the sea quarks

u = uv + us ū = ūs

d = dv + ds d̄ = d̄s (566)

s = ss s̄ = s̄s

By summing over all quarks, we should recover the quantum numbers of the
proton (B = 1, Q = 1, S = 0). This implies
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∫ 1

0
dx [u(x)− ū(x)] = 2∫ 1

0
dx
[
d(x)− d̄(x)

]
= 1 (567)∫ 1

0
dx [s(x)− s̄(x)] = 0

Now since there are two valence u quarks and one valence d quark in the
proton, one finds ∫ 1

0
dx [us(x)− ūs(x)] = 0∫ 1

0
dx
[
ds(x)− d̄s(x)

]
= 0 (568)∫ 1

0
dx [ss(x)− s̄s(x)] = 0

Still, the number of unknowns is to high, so we make a further simplifying
assumption, that the probability to excite a quark out of the Dirac sea is
independent of the flavor (for u, d, s quarks), i.e.,

us(x) = ūs(x) = ds(x) = d̄s(x) = ss(x) = s̄s(x) = S(x). (569)

This assumption is sufficient to satisfy the relations (568), but certainly not
necessary24 Nevertheless, under these assumptions one obtains a qualitative
understanding of the quark structure functions. We thus find

1

x
F ep

2 (x) =
1

9
[4uv(x) + dv(x)] +

4

3
S(x)

1

x
F en

2 (x) =
1

9
[uv(x) + 4 dv(x)] +

4

3
S(x), (570)

which implies

R =
F en

2

F ep
2

=
uv + 4dv + 12S

4uv + dv + 12S
=
α + β

1 + β
. (571)

where

α =
uv + 4dv
4uv + dv

β =
β

4uv + dv
. (572)

Depending on the relative size of the valence u and d quark distributions, α is

24We note that this assumption is most probably too severe. Recent data suggest that
ū/d̄ = 0.51± 0.08 at x = 0.18. We return to this question below.
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Figure 58: The proton in the naive quark model (left). Higher Fock states
enter through interactions.

in the range 1/4 ≤ α ≤ 4. Thus, in a range of x where uv dominates over the
dv and S, we expect R = 1/4. On the other hand, if the sea quarks dominate,
we expect R = 1. In Fig. 58 R is shown as a function of x. We conclude that
for large x the u valence quarks dominate, while at small x the sea quarks
prevail.

The fact that the sea quarks are dominant at small x can be understood on a
qualitative level. The sea quarks are produced in a Bremsstrahlungs-process

Figure 59: A quark-antiquark Bremsstrahlungs-process that contributes to the
sea-quark distribution.
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of the type shown in Fig. 59, where the gluon four-momentum is k = (ω,~k)
and the gluon energy is the sum of the quark energies (neglecting the quark
masses), ω = |~pq|+ |~pq̄|. A Bremsstrahlungs-spectrum is typically enhanced at
small energies

dσ

dω
∼ 1

ω
. (573)

Based on this, we expect the probability to find a sea quark with momentum
~p to be inversely proportional to |~p|, or in the infinite momentum frame

fi(x)|x'0 ∼
1

x
. (574)

Thus, one expects that the contribution of the sea quarks changes the quali-
tative behavior of the structure function F2 at small x,

F2(x) =
∑
i

e2
i x fi(x) −→x→0 constant (575)

So what do we expect for F2(x)?

• If the proton consists of one quark, this quark carries all of the momen-
tum. Hence, the corresponding structure function has a single peak at
x = 1.

• If the proton consists of three free quarks, like in the naive quark model,
the quarks all carry the same fraction of the momentum. Thus, the
corresponding spectral function has one peak at x = 1

3
.

• If the proton consists of three interacting, bound quarks, the momentum
fraction carried by each quark fluctuates due to the zero-point motion.
The corresponding structure function is a smooth distribution peaked
near x = 1

3
, the momentum fraction of one free quark, as illustrated in

the left panel of Fig. 60.

• If the proton consists of three valence quarks plus sea quarks, the dip at
small x is filled up by sea quarks, yielding a structure function qualita-
tively of the shape shown in right panel of Fig. 60.

Thus, for large x the momentum is carried by few partons. These are the
valence quarks. On the other hand, at small x the momentum is shared among
many partons, that are excited out of the Dirac sea.

147



1

Figure 60: Schematic plot of the proton quark structure function for three
interacting quarks (left) and for valence and sea quarks (right).

Can the separation in to valence and sea quarks be confirmed by experiment?
To this end, we explore the difference of the proton and neutron structure
functions (570)

F ep
2 − F en

2 =
x

3
[uv − dv] . (576)

This combination, which is shown in Fig. 61, is proportional to the valence
quark distribution. The experimental distribution indeed shows the expected
behavior, with a distribution peaked around x = 1

3
.

Momentum sum rule

Now that we know the quark structure functions, we can compute fraction of
the proton momentum in the infinite momentum frame carried by the quarks.
The sum over all partons, integrated over all momenta yields the proton mo-

x

Figure 9.10. v Wf - vWf versus x (Bodek et al 1973).
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Figure 61: The difference of the proton and neutron structure functions F2,
which is proportional to the valence quark distribution.
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mentum∫ 1

0
dx x p

[
u(x) + ū(x) + d(x) + d̄(x) + s(x) + s̄(x)

]
+ εp = p, (577)

or for the momentum fraction carried by the quarks

Iq =
∫ 1

0
dx x

[
u(x) + ū(x) + d(x) + d̄(x) + s(x) + s̄(x)

]
= 1− ε. (578)

Here, ε is the momentum fraction not carried by quarks. Consider

F ep
2 + F en

2 =
5

9
x
[
u+ ū+ d+ d̄

]
+

2

9
x [s+ s̄] , (579)

which implies

9

5
(F ep

2 + F en
2 ) = x

[
u+ ū+ d+ d̄

]
+

2

5
x [s+ s̄] . (580)

The contribution of the strange quarks and antiquarks is in deep inelastic
neutrino-nucleon scattering found to be small, on the order of 6%. Thus,
modulo a small missing contribution from the strange quarks, we can obtain
the quark contribution to the momentum fraction from the neutron and proton
structure functions

Iq '
9

5

∫ 1

0
dx (F ep

2 + F en
2 ) . (581)

This implies 1− ε = 0.54±0.04. Thus, almost half of the proton momentum is
carried by neutrals partons, gluons. Consequently, the structure of the proton
is much more complex than suggested by the naive quark model!

Analysis of data in the region Q2 < 10 GeV2 and x > 0.05 (including neutrino-
nucleon scattering) yields the structure functions for u, d, s quarks and gluons.
They obey Bjorken scaling to a good approximation. The structure functions
x f(x) are shown in Fig. 62.

Gottfried sum rule

As alluded to above, the assumption that the sea-quark distributions are inde-
pendent of quark flavor may be too naive. This can be checked with the Gott-
fried sum rule. Consider the proton and neutron electron scattering structure
functions (562,563)

1

x
F ep

2 =
4

9
(u+ ū) +

1

9
(d+ d̄) +

1

9
(s+ s̄)

1

x
F en

2 =
1

9
(u+ ū) +

4

9
(d+ d̄) +

1

9
(s+ s̄). (582)
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Figure 62: The quark and gluon structure functions for the kinematic region
Q2 < 10 GeV2 and x > 0.05.

The Gottfried sum rule is

IG =
∫ 1

0
(F ep

2 − F en
2 )

dx

x

=
1

3

∫ 1

0
(u+ ū− d− d̄) dx. (583)

Using the fact that the integrals∫ 1

0
(u− ū) dx = 2

∫ 1

0
(d− d̄) dx = 1 (584)

count the number of valence quarks, we can eliminate the u and d contributions,
yielding

IG =
1

3
+

2

3

∫ 1

0
(ū− d̄) dx. (585)

Thus, if as assumed ū(x) = d̄(x), one would have IG = 1/3. However, experi-
mentally IG = 0.221± 0, 02 at Q2 = 4 GeV2 for 0.04 ≤ x ≤ 0.8. This implies
that ∫ 1

0
(d̄− ū) dx = 0.1− 0.15. (586)

Due to this, more recent determinations of the sea-quark distributions no
longer assume flavor independence.
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Figure 63: A low-resolution sees the total charge of the original quark, while
a high-resolution photon resolves the quark “fragments”.

5.4 Scaling violations

In the previous section we learned that the DIS cross section exhibits Bjorken
scaling, which is a consequence of the point-like structure of the constituents
of the proton. However, as we now discuss, at small x and large Q2 there is a
violation of scaling.

At not so small wave lengths, the photon does not resolve the quark fragment.
On the other hand at small wave lengths, the photon resolves the qq̄ sea-quark
pairs (see Fig. 63). One thus expects that at larger Q2 (smaller wavelengths),
the photon sees more partons. Due to momentum conservation, each parton
carries a smaller fraction of the total momentum and consequently the distri-
butions are shifted to smaller x, as illustrated schematically in Fig. 64. This
expectation is confirmed by experiment, as shown in Fig. 65; the distribution
at small x increases with increasing Q2.

Figure 64: The momentum distribution is shifted to smaller x as the resolution
is increased.
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Figure 65: The Q2 dependence of the proton structure function for a large
range of Bjorken x.

The scaling violations are due to interaction processes of the type shown in
Fig. 66, where the quark emits a gluon before it absorbs the photon, and the
corresponding process, where a gluon is split into a quark-antiquark pair.

These processes lead to a Q2 dependence of the structure functions, (larger Q2,
higher resolution). The structure functions cannot be computed in perturba-
tion theory (soft QCD, strong coupling) but the Q2 dependence is described by
the so called DGLAP (Dokshitzer, Gribov, Lipatov, Altarelli, Parisi) equation.

The change of the structure function with Q2 can be handled as a small per-
turbation of the known (measured) structure functions, and can be computed
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Figure 66: Gluon radiation and gluon splitting processes, which lead to scaling
violation.

in perturbation theory. The gluon splitting process yields information on the
gluon structure function. The fit shown in Fig. 65 is a global fit using solutions
of the DGLAP equation.

The usefulness of the structure functions depends on the factorization of the
cross section into a short-distance (lage momentum), and a long-distance (small
momentum) piece. For DIS this is illustrated in Fig. 67.

Figure 67: The factorization of the DIS process into a short- and a long-
distance piece.

• The short-distance piece can be treated in perturbation Theory (asymp-
totic freedom, here the e.m. interaction).

• The long-distance piece is non-perturbative, but does not depend on the
probe (factorization).

Thus, u(x) etc. can be determined e.g. in ep → eX and used to predict
e.g. pp → µ+µ−X. This is the Drell-Yan process, which is shown graphically
in Fig. 68. Here the structure functions are the long-distance pieces, which
is parametrized, while the qq̄ annihilation into a photon is the short-distance
piece, which can be computed in perturbation theory.
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Figure 68: The Drell-Yan process pp→ µ+µ−X.

Figure 69: The reaction pp→ cc̄X, cc̄ production through gluon fusion.

Another interesting process is J/ψ production in pp collisions, shown if Fig. 69.
Here the short distance piece is the gluon fusion into a cc̄ pair, which subse-
quently forms a J/ψ. The perturbative QCD Feynman diagrams for the gluon
fusion process are shown in Fig. 70.

Figure 70: The leading order Feynman diagrams for gluon fusion into cc̄.

Both processes contribute to the process pp→ µ+µ−X; the Drell-Yan process
yields the smooth background, while a J/ψ produced by gluon fusion decays
with a small probability into a µ+µ− pair and shows up as sharp resonance
in the di-muon spectrum, like the other vector mesons ρ.ω, φ, Y and Z. An
experimental µ+µ− spectrum obtained at the LHC at

√
s = 7 TeV s shown in

Fig. 71.
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  Figure 71: The di-muon spectrum in pp collisions obtained by the CMS col-
laboration at

√
s = 7 TeV.
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6 The weak interaction

The weak interaction is the weakest of the interactions in the standard model.
The first known consequence of the weak interaction was β-decay.

1914 Chadwick measured the e−-spectrum from the β-decay of 214Pb. The fact
that the spectrum was continuous remained a puzzle until 1930, when Pauli
suggested that two particles are emitted in a β-decay, an electron and a neutral
particle, which was not observed. Pauli called this particle a ”neutron”. After
the discovery of the neutron in 1932 by Chadwick, the unseen particle was
renamed neutrino.

If in a β-decay, the mother nucleus A decays into the daughter nucleus A′

and an electron e−, energy conservation implies that there is one peak in the
electron energy spectrum, given by Ee = EA − EA′ . However, one observes a
continuous spectrum, schematically shown in Fig. 72 (left). Such a spectrum
can be understood without abandoning the conservation of energy if there are
three particles in the final state, one of which is not observed (see Fig. 72
(right)), since then energy conservation implies Ee = EA − EA′ − Eν .

The β-spectrum showed that the neutrino mass is small. The spectrum is
given by

dN ∼ | M |2 d3pf
(2π)3

me

Ee

d3pe
(2π)3

mν

Eν

d3pν
(2π)3

× (2π)4 δ(Mi − Ef − Ee − Eν) δ(3)(~pf + ~pe + ~pν). (587)

Since the kinetic energy of the daughter nucleus is much smaller than the

Figure 72: The continuous e− spectrum characteristic of β-decays (left) and
the β-decay A→ A′ + e− + ν̄ (right).
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Figure 2.1. Illustration of linearized beta spectrum near the endpoint for
neutrino mass my -0 and my ;I! o.
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Figure 73: The linearized β spectrum near the end of phase space for a massless
and a massive neutrino.

energies of the leptons, due to the large mass of the nucleus,

∼ (~pe + ~pν)
2

2Mf

<< Ee, Eν , (588)

we neglect the recoil of the nucleus:

dN ∼| M |2 me

Ee

mν

Eν︸ ︷︷ ︸
'const.

d3pe d
3pν δ(Mi −Mf︸ ︷︷ ︸

=E0

−Ee − Eν). (589)

Furthermore, we neglect the small momentum dependence of the first three
factors. After performing the angular integrals and changing variables to the
lepton energies, we then find

dN ∼ peEe dEe pνEν dEν δ(E0 − Ee − Eν)
= peEe dEe pνEν Θ(E0 − Ee −mν), (590)

where mν is the neutrino mass and Eν = E0 − Ee, with the corresponding
dependence of pν . One finds[

1

peEe

dN

dEe

]1/2

∼
[
(E0 − Ee)

√
(E0 − Ee)2 −m2

ν

]1/2

Θ(E0 − Ee −mν), (591)

which, for a vanishing neutrino mass, mν = 0, would be a linear function of
(E0 − Ee). Such a linearized β-spectrum is shown in Fig. 73.
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Consequently, to determine the neutrino mass, one must measure the β spec-
trum near the end of phase space, where the number of events approaches
zero. Hence, the smaller the mass is, the longer one must run the experiment
to obtain sufficient statistics in the range where the spectrum deviates form a
linear one.

An experiment which sees no deviation from a linear spectrum puts an upper
limit in the neutrino mass, the present one being 2 eV. The Karlsruhe Tri-
tium Neutrino Experiment (KATRIN) aims at a resolution ∆mν ∼ 0.2 eV.
Obviously, the neutrino masses are small. Therefore earlier experiments with
poorer resolution were consistent with mν = 0.

We now consider the theory of the weak interaction for massless neutrinos.
The Dirac equation for m = 0 is

p/Ψ = 0, Ψ =

(
φ
χ

)
,

E φ = ~σ · ~p χ, (592)

E χ = ~σ · ~p φ. (593)

By eliminating χ, one finds [
E2 − (~σ · ~p)2︸ ︷︷ ︸

=~p 2

]
φ = 0, (594)

which yields the energy eigenvalues

E± = ± | ~p |= ±p. (595)

The helicity eigenstates are defined by

~σ · ~p = λp, λ = ±1. (596)

It is natural to choose ~p as the quantization axis25. The Dirac equation then
becomes

E± φ
λ
± = λ pχλ±

E± χ
λ
± = λ pφλ±. (597)

25Since massless particles move with the velocity of light, their helicity cannot be changed
by a Lorentz boost. Hence, helicity is a good quantum number for non-interacting massless
particles.
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Without loss of generality, we can choose φλ± = 1. This implies χλ± = ±λ.

One then finds the normalized solutions for right handed (λ = 1) and left
handed (λ = −1) neutrinos (E = p)

ΨR =
1√
2

(
1
1

)

ΨL =
1√
2

(
1
−1

)
(598)

and the corresponding solutions for antineutrinos

ΨR̄ =
1√
2

(
1
−1

)

ΨL̄ =
1√
2

(
1
1

)
. (599)

The weak interaction is parity violating. This was shown experimentally in
a pioneering experiment by C.S. Wu et al. in 1957. In this experiment the
β-decay of Cobalt 60 (60Co) into Nickel 60 (60Ni) was studied. The ground
state of 60Co has angular momentum J = 5 while that of 60Ni has J = 4.
Hence, the β decay is a ∆J = 1 transition.

The 60Co sample was polarized by a magnetic field. Thus, the spin transfered
to the electron and neutrino (∆J = 1) is in the direction of the magnetic field.
It follows that the spin of both the electron and neutrino (both spin 1

2
) must

be in the direction of the nuclear spins. Wu et al. found that the electron was

Figure 74: The β-decay of a polarized 60Co into 60Ni. The antineutrino in case
A is right handed, while that in case B is left handed.
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emitted preferentially opposite to the spin. This implies that the produced
antineutrino is primarily right handed (see Fig. 74).

Under the parity transformation vectors reverse their direction, i.e.

P (t, ~x)→ (t,−~x) and P (E, ~p)→ (E,−~p) (600)

while axial vectors, like the spin, don’t

P ~s→ ~s. (601)

Consequently, the right-handed and left-handed neutrinos as well as the right-
handed and left-handed antineutrinos are parity partners,

ΨR(~p) ↔ ΨL(−~p) ΨR̄(~p) ↔ ΨL̄(−~p). (602)

Since the experiment of Wu et al. shows that the left-handed antineutrino is
suppressed compared to the right-handed one, parity is violated.

Theories of the weak interaction

In 1934 Fermi suggested that the weak interaction, in analogy to the successful
theory of the electromagnetic interaction, is of the current-current type. Then,
the amplitude for the β decay of the neutron is of the form

A ūpγ
µun ūeγµuν , (603)

where A is a constant, that characterizes the strength of the weak interaction.
Used in lowest-order calculations, which was justified by the weak coupling,
Fermi’s theory described the available data quite well. However, this theory
does not violate parity.

In 1958 Sudarshan and Marshak, Feynman and Gell-Mann as well as Sakurai
suggested the maximally parity violating interaction, where

ūeγµuν → ūeγµ(1− γ5)uν . (604)

Because the γµ part behaves like a vector and the γµγ5 part like an axial vector,
this type of interaction was dubbed V − A.

For massless particles,

PL =
1− γ5

2
, PR =

1 + γ5

2
(605)
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project on left-handed and right-handed states, respectively. For instance

PL =
1

2

(
1 −1
−1 1

)

PL

(
1
1

)
= 0 PL

(
1
−1

)
=

(
1
−1

)
. (606)

Thus, in a V −A theory, there are only left-handed neutrinos and right-handed
antineutrinos (if mν = 0))26.

The reason for choosing V −A and not V +A is due to an experiment by Gold-
haber in 1957, where it was shown that, within experimental errors, neutrinos
are left-handed.

Naively one would do the same thing for nucleons

ūpγµun → ūpγµ(1− γ5)un. (607)

However, the axial current is not exactly conserved, while the vector current
is:

∂µūγ
µu = 0, ∂µūγ

µγ5u 6= 0. (608)

Thus, the axial current can be renormalized by the strong interaction, while
the charge of the vector current is the same for leptons and nucleons. The
resulting amplitude for the neutron β decay is then

GF√
2
ūpγµ(1− gAγ5)un ūeγ

µ(1− γ5)uν , (609)

where GF ' 8.74×10−5 MeV fm3 is the Fermi coupling constant and gA ' 1.26
is the axial vector current coupling constant. The vector interaction of the
nucleon is called the Fermi term, while the axial current interaction is called
the Gamow-Teller term.

In 1972 Weinberg and Salaam proposed a unified theory of the electromagnetic
and weak interactions, the so called electro-weak theory. In this theory the
weak interaction is mediated by the exchange of vector bosons (W±, Z). The
masses of the vector bosons are generated by spontaneous symmetry breaking.
The theory has the advantage over the previous version that the cross sections
remain finite a the energy is increased, and higher order contributions in per-
turbation theory are meaningful, because the divergences are renormalizable.

26More precisely: only the left-handed neutrinos and the right-handed antineutrinos in-
teract. There could be sterile (non-interacting) neutrinos of the other handedness.
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A crucial prediction of the theory is the existence of weak neutral currents,
mediated by the exchange of the neutral vector boson Z.

The symmetry group of the Weinberg-Salaam theory is SU(2)L × U(1). The
left-handed fermions come in SU(2) doublets

ψi =

(
νi
`i

)
L

(610)

for the leptons and

ψi =

(
ui
d′i

)
L

(611)

for the quarks. Here

νi = νe, νµ, ντ i = 1, 2, 3

`i = e−, µ−, τ− (612)

ui = u, c, t (ei =
2

3
)

di = d, s, b (ei = −1

3
)

are the members of the flavor families and

d′i =
∑
j

Vijdj (613)

are the eigenstates of the weak interaction for the d-type flavors. The matrix
Vij, which controls the mixing of the quark flavors, is the Cabibbo-Kobayashi-
Maskawa (CKM) matrix. The elements of the matrix are parameters of the
theory that must be determined experimentally. The right-handed fermions
are in an SU(2) singlet and do not couple to the weak interaction.

The electro-weak interactions are mediated by the exchange of 4 vector bosons.
There is an SU(2) triplet

W+, Z3,W
− (614)

and a U(1) singlet
B. (615)

The uncharged physical states are mixtures of Z3 and B

Z = B cos θW + Z3 sin θW

A = −B sin θW + Z3 cos θW , (616)
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Figure 75: Typical weak charged-current vertices.

where Z represents the neutral vector boson and A the photon. The mixing
angle, the so-called Weinberg angle, is determined experimentally, sin2 θW '
0.22.

The theory has interaction vertices that yields the charged-current interactions
responsible e.g. for the β-decay of the neutron. These involve the charged
vector mesons, as illustrated in Fig. 75. In Fig. 76 the electro-magnetic inter-
action, mediated by the exchange of photons, and the new processes involving
the weak neutral current, are illustrated. Note that the electric charge is given
by e = g sin θW . Hence the coupling constant of the electroweak theory g is on
the order of the unit electric charge e.

These building blocks can be put together to yield physical processes. Con-
sider, as an example, the reaction e− νµ → νe µ

−. The lowest-order Feynman
diagram, shown in Fig. 77, yields the amplitude

M = (−i)3 g
2

8

1

q2 −M2
W

ν̄eγ
µ(1− γ5)e µ̄γµ(1− γ5)νµ. (617)

Figure 76: Typical weak neutral-current and electromagnetic vertices.
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Figure 77: Feynman diagram for the process e− νµ → νe µ
−.

At low energies, q2 << M2
W , we may neglect the q2 in the denominator. By

comparison with the old theory, we can identify the Fermi coupling constant

GF√
2

=
g2

8M2
W

. (618)

Solving for the mass of the W meson, and using the known value of the Fermi
coupling constant, one finds

M2
W =

π α (h̄c)3

√
2GF sin θW

, (619)

which implies MW ' 80 GeV and MZ = MW/ sin θW ' 91 GeV. Thus, the
weak interaction is weak at low energies, not because the coupling is small,
but because the masses of the exchange bosons W and Z are large! At high
energies, where q2 ∼ M2

W , the weak and electromagnetic interactions are of
comparable strength.

Figure 78: A process mediated by the weak neutral current.
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Figure 79: The flavor-changing weak interaction, responsible for the decay of
charged K mesons.

The weak neutral current gives rise to new processes, which were not part of
the old theory. Thus, for instance a neutrino of any flavor can interact with
an electron through the exchange of a Z boson, as shown in Fig. 78.

Flavor-changing weak decays

Even the simplest weak-interaction process, the neutron β decay, is a flavor
changing process (d → u). The charged weak current connects quarks that
are members of the same weak SU(2) doublet (611). However, owing to the
flavor mixing of d-type quarks in the CKM matrix, the weak interaction also
does not conserve the flavor family. This leads to weak processes, like e.g.
K− → π0µ−ν̄µ, illustrated in Fig. 79, where e.g. strangeness S can disappear.
The K− meson has strangeness S = −1, while none of the particles in the final
state carry strangeness.

If we consider only the (d, s) sector, the weak eigenstate d′ is a linear combi-
nation of d and s quarks

d′ = d cos θC + s sin θC , (620)

where θC is the Cabibbo angle, sin θC ' 0.23. Thus, the weak charged current

Figure 80: The flavor-changing weak interaction, responsible for the decay of
the Λ baryon.
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Figure 81: The two leading-order contributions to the reaction e+e− → µ+µ−.

coupling to the quark sector is given by

jµ = ūγµ(1− γ5)d′

= cos θC ūγµ(1− γ5)d+ sin θC ūγµ(1− γ5)s. (621)

The second term contributes to the process s→ u+W− and is thus responsible
for the decay of the K meson.

The elements shown in Figs. 75 and 76 can be combined in any way which is
compatible with the conservation laws. This gives rise to another type of weak
decays, the so called non-leptonic ones, where there are no leptons involved.
A prominent example is the decay of the Λ(1116). Since the mass of the Λ is
less than the sum of the nucleon and kaon masses, it can only decay weakly, in
a flavor-changing process, like e.g. Λ→ π−p, illustrated in Fig. 80. The flavor
changing weak decay in the Λ side is also due to the second term in (621).

In weak interactions at low energies, the W and Z bosons are short lived be-
cause the energy available is much smaller than the mass, E << M . However
at high energies the vector bosons can be produced. Consider the process
e+e− → µ+µ−. To lowest order in the coupling g there are two contributions
in the electro-weak theory, with an intermediate γ and a Z, shown in Fig. 81.

Since the initial and final states are identical, the two amplitudes should be
added coherently and thus interfere in the cross section

dσ

dΩ
∼| Mγ +MZ |2, (622)

where

Mγ ∼
1

q2
, MZ ∼

1

q2 −M2
Z

, (623)

and qµ = kµe− + kµe+ . Thus,
√
q2 is the energy available in the center-of-mass

(CM) system. Consequently, for low energies the cross section drops due to

166



50 80

W [GeV]

Abb.l1.4. Die totalen Wirkungsquerschnitte für Positron-Elektron-Annihilation in Hadro-
nen, Myon-Paare und zwei Gamma-Quanten. Durchgezogene Kurven: Vorhersagen des Stan-
dard-Modells.

D 10"
.3-

'e.r::u
~
~ 103
0-
tf1
(J)
C
:J
-t
~

11.9 Experimentelle Verifikation des Standard-Modells 183

105
LEP

HADRONEN

102

10
0 20 [,0 100 120

Figure 82: The cross section for the reactions e+e− → hadrons, e+e− → µ+µ−

and e+e− → γγ as functions of the CM energy W =
√
q2.

the q−4 from | Mγ |2. However, when the CM energy approaches the Z mass
the cross section rises again due to MZ , and peaks at q2 ' M2

Z , as shown in
Fig. 82. This interpretation is supported by the fact that the Z peak does not
show up in the reaction e+e− → γγ.

The interference between the γ and Z amplitude shows up also in the angular
distribution. The differential cross section is of the form

dσ

dΩ
=

α2

16E2

[
A (1 + cos2 θ) +B cos θ

]
. (624)

The first term is symmetric under the transformation θ → π − θ, while the
second one breaks this symmetry. The amplitude A is due to the terms | Mγ |2
and | MZ |2, while the amplitude B is due to the interference between the two
amplitudes. The resulting asymmetry, shown in Fig. 83 is due to the coupling
between spin and momentum in the uγµ(1− γ5)u vertex.

A closely related reaction yields information on the number of families of light
neutrinos. Consider the decay modes of the Z boson. The Z boson can decay
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Figure 83: The differential cross section for the reaction e+e− → µ+µ− at a
CM energy W =

√
q2 = 34.5 GeV.

into all particles that couple to the weak neutral current with a mass less than
MZ/2. This applies to all known leptons, and to all quarks, except the t quark.
The decay into qq̄ contributes to the decay of the Z boson into hadrons. The
corresponding partial width is 1740 MeV. The partial widths for the decay into
each of the three dilepton channels (e+e−, µ+µ−, τ+τ−) is 83.8 MeV, while each
of the three known neutrino-antineutrino channels yield 166 MeV. Thus, the
total width is 1740 + 3 × 83.8 + 3 × 166 = 2490 MeV. If there were further
families with light neutrinos, the total width of the Z boson would be

ΓZ = (2.49 + 0.17∆Nν) GeV, (625)

where ∆Nν = Nν−3. The Breit-Wigner cross section for the reaction e+e− →
hadrons is

σe+e−→hadrons ∼
ΓZ→e+e− ΓZ→hadrons

(q2 −M2
Z)2 +M2

Z Γ2
Z

, (626)

where ΓZ is the total width. At the resonance peak, q2 = M2
Z , the cross section

is

σe+e−→hadrons ∼
ΓZ→e+e− ΓZ→hadrons

Γ2
Z

. (627)

Consequently, the maximum of the cross section decreases when the number
of light neutrinos is increased. As shown in Fig. 84, the cross section for the
reaction e+e− → hadrons is consistent with 3 light neutrinos (mν < MZ/2).
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Figure 22.10. The cross-section für e+e- -+ hadrons around the ZO mass (DELPHI
collaboration, Abreu et al 1990). The dotted, full and dashed liDesare the predictions of
the Standard Model assuming two, three and four massless neutrino species respectively.
(From Abe, 1991.)

Figure 84: The cross section for e+e− → hadrons near the Z mass. The dotted,
full and dashed lines are predictions assuming two, three and four light mass
neutrino species.
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6.1 Neutrino masses and neutrino oscillations

There is no fundamental principle that forbids mν 6= 0. (Compare: photon
and gluon masses are required to be zero by gauge invariance!) Therefore it
has long been speculated that the neutrino masses could be finite. Already
in 1967 Pontecorvo pointed out that non-zero neutrino masses could lead to
neutrino oscillations.

Neutrinos carry no charge. Hence, they can in principle be their own antipar-
ticles. Such a neutrino is called a Majorana neutrino. A Dirac neutrino, on
the other hand, has a distinct antiparticle.

A particle is turned into its antiparticle by the charge-conjugation transforma-
tion. However, since the weak interaction breaks parity (P), charge conjuga-
tion (C) as well as the combined transformation CP, we consider CPT, which
is valid for any Lorentz invariant local quantum field theory.

Under CPT a left-handed neutrino is turned into a right-handed antineutrino,
νL → ν̄R. Thus, invariance under CPT implies that given the existence of νL,
its CPT image ν̄R also exists. On the other hand, a massive νL turns into a νR
by a Lorentz transformation to a frame moving at a velocity larger than that of
the νL in the original frame. For Dirac neutrinos, νR and ν̄R are district, while
for Majorana neutrinos, they are identical. The relation between the different
neutrino states for Dirac and Majorana neutrinos is illustrated in Fig. 85.

Figure 85: The relation between left and right handed neutrinos and antineu-
trinos for Dirac (top) and Majorana (bottom) neutrinos.
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Figure 86: The neutrinoless double β decay of a nucleus.

For mν = 0, it is not possible to transform νL → νR by means of a Lorentz
transformation. Thus, if the weak interaction is of the V − A type, νL and
ν̄R are completely decoupled from ν̄L and νR. Consequently, ν̄L and νR may
no may not exist; this has no consequences, since they are decoupled from all
other particles (sterile).

It follows that for mν → 0, the difference between Dirac and Majorana neu-
trinos disappears. Moreover, for small neutrino masses, it is very difficult
to distinguish between Dirac and Majorana neutrinos. One possibility is the
neutrino less double β-decay (see Fig. 86), where a right-handed antineutrino
produced in the first interaction has a small amplitude, proportional to mν/Eν ,
for being left handed. We note that for Majorana neutrinos the lepton number
is not conserved!

Neutrino oscillationen

In the standard theory of weak interactions, only left-handed currents couple
to the charged vector bosons W± (see Fig. 87).

Figure 87: Examples of charged-current interaction vertices.

171



We recall that

• the neutrino state produced by the weak interaction need not be a mass
eigenstate.

• right handed neutrinos do not interact in a V − A theory

• the interaction conserves the lepton family number (so far no violation
of this by the weak interaction has been found.)

In order to illustrate neutrino oscillations, consider the most general mass term
for two flavors of Dirac neutrinos(

ν̄e ν̄µ
)( mee meµ

mµe mµµ

)(
νe
νµ

)
. (628)

Hermiticity implies that mµe = meµ. The mass matrix is diagonalized by a
change of basis

νe = ν1 cos θ + ν2 sin θ

νµ = −ν1 sin θ + ν2 cos θ. (629)

The resulting mass eigenvalues are

m1,2 =
1

2

{
mee +mµµ ±

[
(mee −mµµ)2 + 4m2

eµ

] 1
2

}
(630)

with the mixing angle

tan 2θ =
2meµ

mµµ −mee

. (631)

The mass eigenstates ν1 and ν2 evolve in time according to

| ν1(t)〉 = e−i E1 t | ν1〉,
| ν2(t)〉 = e−i E2 t | ν2〉, (632)

where Ei =
√
~p 2 +m2

i .

Consider the propagation of an e-neutrino with momentum p created at t = 0.
The ν1 and ν2 components of the νe then propagate with different energies27.

27This simplifying assumption is not justified. In physically relevant situations, both
the energy and momentum of the two mass eigenstates are in general different. However, to
leading order in m2

ν/p
2
ν , the resulting oscillation length is independent of whether the energy

or the momentum is fixed or a physically realistic situation is assumed.
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The time-dependent state is

| νe(t)〉 = cos θe−i E1 t | ν1〉+ sin θe−i E2 t | ν2〉
=

(
e−i E1 t cos2 θ + e−i E2 t sin2 θ

)
| νe〉 (633)

+ cos θ sin θ
(
e−i E2 t − e−i E1 t

)
| νµ〉.

The probability that the neutrino is in the state | νµ〉 at the time t is

P (νe → νµ) = | 〈νµ | νe(t)〉 |2

= 2 cos2 θ sin2 θ︸ ︷︷ ︸
= 1

2
sin2 2θ

(1− 2 cos [(E2 − E1)t]) (634)

For p >> m1,2 we have Ei ' p+m2
i /2p and

E2 − E1 '
m2

2 −m2
1

2p
. (635)

It follows that

P (νe → νµ) ' 1

2
sin2 2θ

[
1− cos

(
m2

2 −m2
1

2p
t

)]
. (636)

The probability varies periodically with time and with distance (x ' t). The
oscillation length

L = 2π
2p

m2
2 −m2

1

(637)

depends on the mass difference ∆m2 = m2
2 −m2

1 and on the neutrino energy
E ' p. We note that oscillations are possible only for massive neutrinos and
for a non-zero mixing angle θ.

The survival probability for e-neutrinos is

P (νe → νe) = 1− P (νe → νµ)

= cos2 2θ +
1

2
sin2 2θ

[
1 + cos

(
∆m2

2p
t

)]
. (638)

In Fig. 88 we show the oscillating probabilities. The probability that the e-
neutrino remains an e-neutrino has a minimum at ∆m2 t/2p = π and returns
to unity at ∆m2 t/2p = 2π. The amplitude of the oscillation depends on the
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Figure 88: The oscillating probabilities for P (νe → νe) and P (νe → νµ).

original mixing angle. The maximum amplitude is attained for θ = π/4, which
yields sin2 2θ = 1 and cos2 2θ = 1. Clearly neutrino oscillations do not conserve
the lepton family, but the total lepton number is conserved.

For 3 neutrino flavors, the mixing is described by a 3 × 3 matrix, similar to
the CKM matrix; the Maki-Nakagawa-Sakata matrix. There are in general 3
mass differences (two independent ones). Which mass difference is relevant,
depends on the experiment.

Empirically the oscillation length in vacuum is L ∼ 100 km << Rsun. This
implies that for solar neutrinos the interference term averages out, when one
integrates over the location of the neutrino source. Thus, the survival probabil-
ity for e-neutrinos from the sun is (assuming that the relevant mass difference
is the one between the electron and muon neutrino).

P̄ (νe → νe) = 1− sin2 2θ ≥ 1

2
. (639)

Thus, for vacuum oscillations of two neutrinos, the survival probability of the
electron neutrino is ≥ 1

2
. However, for solar neutrinos, the observed survival

probability is ' 1
3
. Hence, one needs an additional effect, the MSW (Mikheev-

Smirnov- Wolfenstein) effect.

Neutrinos escaping from the sun experience an additonal effect, which is due
to the difference in the interactions of νe, νµ and ντ with the solar plasma.
Electron neutrinos gain additional energy, due to the charged current inter-
action with the electrons in the Sun (see Fig. 89). The charged-current pro-
cess contributes only to the energy of electron neutrinos. By contrast, the
neutral-current contribution to neutrino-electron scattering, shown in Fig. 78,
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Figure 89: Charged current forward scattering of a νe off electrons that con-
tributes to the electron-neutrino energy in the sun.

contributes to the energy of all neutrinos, independent of the flavor. Thus,
the mass of the electron and muon neutrinos in the sun is a function of the
electron density ne

msun
ee = mee + δmCC + δmNC,

msun
µµ = mµµ + δmNC, (640)

where δmCC = 2
√

2GFne is the charged-current contribution and δmNC the
flavor-independent mass shift induced by the neutral current. Since the neutral-
current contribution leads to a universal shift, it can be neglected in the dis-
cussion, and we subtract δmNC from the in-medium masses. The relevant
in-medium mass matrix is then(

m̄sun
ee meµ

meµ mµµ

)
, (641)

where m̄sun
ee = msun

ee − δmNC.

Now, if the mixing in vacuum is strong and the charged-current in-medium
mass shift is much larger than the vacuum masses, δmCC >> mee,mµµ, the
following picture emerges. At low densities the mass eigenstates are well ap-
proximated by those in vacuum, which are mixtures of νe and νµ,

ν1m ' ν1 = νe cos θ − νµ sin θ

ν2m ' ν2 = νe sin θ + νµ cos θ. (642)

On the other hand, at high electron densities the higher mass eigenstate is
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Figure 90: The masses of the neutrino mass eigenstates as functions of electron
density.

almost a pure electron neutrino and the lower one correspondingly an almost
pure muon neutrino, ν2m ' νe and ν1m ' νµ. Thus, an electron neutrino
produced near the center of the sun starts out on the branch ν2m and follows
this branch as it adiabatically moves out towards the surface of the sun. It then
leaves the sun as a pure ν2 state (642). The survival probability of electron
neutrinos is then

P (νe → νe) = sin2 θ, (643)

which can be arbitrarily small, and thus consistent with experiment.

Neutrino oscillations have been verified by several experiments. All data are
consistent with one set of neutrino mass differences ∆m2

ij and mixing angles.
The only remaining major ambiguity is the ordering of the mass eigenstates.

• The solar neutrinos are measured at several energies in the MeV range.
In all measurements the electron neutrino yields are suppressed below
the predictions of the standard solar model. The ultimate proof that the
solar neutrino problem is solved with neutrino oscillations was provided
by the SNO (Sudbury Neutrino Observatory) detector in Canada, where
it was shown that the neutrinos missing in the electron channel appear
in the other flavor channels.

• Atmospheric neutrinos emanate from cosmic rays and are in the multi
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GeV regime. As the cosmic rays hit the atmosphere, pions are produced.
The charged pions decay weakly into a muon and a muon antineutrino.
Subsequently, the muon decays into an electron, an electron antineutrino
and a muon neutrino. For instance for a negatively charged pion,

π− → µ− + ν̄µ → e− + ν̄e + νµ + ν̄µ. (644)

This implies that the number of muon neutrinos originally is twice the
number of electron neutrinos. The Super-Kamiokande detector in Japan
showed that the ratio of muon to electron neutrinos is reduced for those
produced in the atmosphere on the other side of the earth (θ ' π) relative
to those coming from vertically above the detector (θ ' 0). Since the
interaction of the neutrinos with matter is very weak, the only relevant
difference between the two paths is the additional distance of ∼ 12000
km covered by the neutrinos traversing the earth. The reduction of the
muon neutrinos is understood in terms of muon neutrinos oscillating into
electron neutrinos.

• Accelerator neutrinos are muon neutrinos in the GeV energy range pro-
duced in accelerators (KEK in Japan, CERN in Geneva and Fermi-lab in
Chicago). The neutrinos travel a distance of about 250 km (KEK) or 700
km (CERN and Fermi-lab) to a neutrino detector. One finds a reduc-
tion of the muon neutrino flux and a distortion of the energy spectrum
consistent with the other oscillation experiments.

• Reactor neutrinos are very low-energy neutrinos (few MeV) produced in
a nuclear reactor. For instance the KAMLAND experiment in Japan
detects neutrinos from several reactors. The typical distance between
the source and the detector range from tens of meters to over 1100 km.
The reactor neutrino experiments are the only ones where one so far has
seen true oscillations, i.e. the original neutrino flavor is reduced at some
distance and then reappears at a larger distance (cf. Fig. 88).
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